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Per FElisa...

Daniel Faraday: [...|Non aveva pit un’ancora.

Desmond Hume: Cosa vuoi dire con “ancora”?

Daniel: Qualcosa di familiare in entrambi i periodi. Tutte queste..le vedi?
Tutte queste sono variabili. Sono casuali, caotiche. Ogni equazione ha
bisogno di stabilita, di qualcosa di noto: si chiama costante. Desmond: lu
non hai alcuna costante. Quando vai nel futuro, niente la ti & familiare.
Quindi se vuoi fermare tutto questo, allora devi trovare qualcosa laggiu,
qualcosa a cui tieni davvero, davvero tanto...che esista anche qui, nel 1996.
Desmond: Questa costante..puo anche essere una persona?

Daniel: 5%, forse. Ma devi creare una sorta di contatto. Non hai detto che
ert su una nave nel bel mezzo del nulla? Chi stai chiamando?

Desmond: La mia costante.

(Lost-puntata 4x05)






[Per il mio nome i miei genitorif si accordarono su Smillaaaraq, che per
Pusura a cui il tempo sottopone tutti noi fu abbreviato in Smilla. Che é solo
un suono. Se vai oltre il suono, trovi il corpo con la sua circolazione, il suo
movimento di liquidi. Il suo amore per il ghiaccio, la sua ira, il suo struggi-

mento, la sua conoscenza dello spazio, le sue debolezze, infedelta e lealta.

Dietro questi sentimenti sorgono e svaniscono le forze indefinite, immagini
staccate e sconnesse della memoria, suoni senza nome. E la geometria.

In fondo a noi c’e la geometria. I miei professori all’universita continuavano
a chiedere qual ¢ la realta dei concetti geometrici. Dove esistono, chiedevano,
un cerchio perfetto, una vera simmetria, un parallelismo assoluto, se non pos-

sono essere costruiti in questo mondo imperfetto?

Io non gli rispondevo perché non avrebbero compreso l'ovvieta della risposta
e le sue incalcolabili consequenze. La geometria esiste come fenomeno innato
nella nostra coscienza. Nel mondo esterno non esistera mai un cristallo di
neve dalla forma perfetta. Ma nella nostra coscienza c’e l'idea scintillante e

impeccabile del ghiaccio perfetto.

(da "Il senso di Smilla per la neve" di Peter Hpeg)
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“La matematica non ¢ una marcia per
un’autostrada ben tenuta, ma piuttosto un
viaggio per uno strano territorio, dove gli
esploratori spesso si perdono. Il rigore
dovrebbe essere un segnale per lo storico che
le mappe sono state tracciate, e i veri

esploratori si sono spostati altrove.”

William Sherron Anglin
"Mathematics and History"

Introduzione

Scopo di questa tesi é costruire le basi per una teoria degli orbifold ridotti
complessi come 2-categoria, colmando parzialmente alcune lacune presenti
nella letteratura attuale e cercando di uniformizzare le notazioni e le ipotesi

usate per analizzare tali oggetti in contesti diversi.

Il concetto di orbifold & stato per la prima volta formalizzato da Ichiro
Satake nel 1956 con il nome di V-manifold nell’articolo “On a generalization
of the notion of manifold”, sebbene con alcune ipotesi leggermente diverse
da quelle che useremo nella tesi, mentre il nome “orbifold” & stato per la
prima volta introdotto da William Thurston nelle sue note di geometria del
1979 intitolate “The geometry and topology of 3-manifolds”. Tuttavia l'idea
di orbifold, sebbene non formalizzata, risale almeno all’articolo “Théorie des

groupes fuchsiens” pubblicato da Henri Poincaré nel 1882.

Il nome “orbifold” deriva dalla contrazione delle parole “orbit” e “mani-
fold” in quanto i primi esempi noti di orbifold in letteratura derivano dal
considerare lo spazio delle orbite ottenute dall’azione di un gruppo finito
di automorfismi su una varietd (manifold) liscia o olomorfa. In generale
I'insieme risultante con la topologia quoziente non ha piu una struttura di
manifold, ma una abbastanza simile. Storicamente la teoria degli orbifold ¢é
nata per descrivere oggetti di questo tipo, che erano studiati come “varieta
(algebriche o analitiche) con singolarita quoziente finite” ben prima della for-

malizzazione dovuta a Satake e Thurston.
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Ricordiamo che un manifold complesso pud essere descritto come uno
spazio topologico X (a base numerabile e Hausdorff) dotato di una classe di
atlanti “equivalenti” dove ogni atlante ¢ una collezione di carte {(U;, ¢;) }ies
tali che gli (71- siano aperti di C" e ogni mappa ¢; sia un omeomorfismo da
U sopra un aperto U; di X, in maniera tale che la famiglia {U;};c; sia un
ricoprimento di X e sia verificata una condizione di compatibilita sulle inter-

sezioni di due qualunque aperti U; e U; in X.

Analogamente, un orbifold complesso si pud descrivere come uno spazio
topologico X dotato di una classe di atlanti “equivalenti”, dove ogni atlante
é una collezione di “carte” (che in questo caso sono chiamate “sistemi uni-
formizzanti”) della forma (ﬁi,Gi,m) dove ogni U, é un aperto di C*, G; ¢
un gruppo finito che agisce su [71 come gruppo di automorfismi complessi e
e (71 — m(sz) =: U; é una mappa continua che induce un omeomorfismo
tra ﬁl /G; e U;, in maniera tale che la famiglia degli U; sia un ricoprimento
aperto di X e sia soddisfatta una condizione di compatibilita locale simile

a quella descritta nei manifold. Per la definizione precisa, si veda il capitolo 2.

Detta in altri termini, i manifold complessi sono modellati localmente
da aperti di C", mentre gli orbifold complessi sono modellati localmente da
aperti di tale forma, modulo un’azione di gruppo finito. In letteratura ¢ ben
descritta la nozione di atlante, mentre la nozione di equivalenza di atlanti
per orbifold é soltanto accennata senza verificare che sia effettivamente una
relazione di equivalenza, quindi questo € stato uno degli argomenti su cui si

é focalizzata la nostra attenzione.

Come nel caso dei manifold, anche per gli orbifold esiste una nozione
di “mappa” tra orbifold. Nel caso dei manifold questa é definita come una
mappa continua tra i corrispondenti spazi topologici, che puo essere local-

mente “sollevata” ad una mappa olomorfa tra opportune carte in dominio e
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codominio; dato che le mappe ¢; (usate nella definizione degli atlanti) sono
omeomorfismi, quindi in particolare biettive, & chiaro che ogni mappa con-

tinua pud ammettere al pitt un sollevamento come mappa tra manifold.

Per gli orbifold si trova in letteratura (ad esempio, |Pe|) un’analoga
definizione (“sistemi compatibili”), ma a causa dell’azione dei gruppi sulle
carte in dominio e codominio, la definizione risulta molto piu complicata.
Inoltre, a differenza del caso dei manifold, per gli orbifold non ¢ piu assicu-
rata I'unicita del sollevamento per una generica mappa continua tra gli spazi

topologici soggiacenti.

Oltre alle definizioni di oggetti (gli atlanti) e di morfismi (i sistemi com-
patibili), nel contesto degli orbifold si puo dare anche la definizione di “trasfor-
mazione naturale” tra morfismi. La definizione che ho usato in questa tesi
é quella di “trasformazione naturale” ottenuta come piccola modifica di una
simile definizione descritta nella tesi di dottorato di Fabio Perroni (“Orbifold

Cohomology of ADE-singularities”).

Il nome transformazione naturale non é casuale, ma deriva dal contesto
della teoria delle 2-categorie. Questa teoria (che sara richiamata brevemente
nel primo capitolo) si & dimostrata utile in molteplici contesti matematici,
quindi pare naturale chiedersi se si possano definire opportune operazioni
di “composizione” tra mappe tra orbifold e tra trasformazioni naturali, in
maniera tale da soddisfare gli assiomi di una 2-categoria. Cio che effet-
tivamente ho trovato & che si puo definire una 2-categoria, denotata con
(Pre-Orb) dove gli oggetti sono gli atlanti, i morfismi i sistemi compati-
bili e i 2-morfismi sono le trasformazioni naturali tra sistemi compatibili. A
tale 2-categoria non ¢é stato dato il nome di (Orb) come sarebbe ragionevole
aspettarsi, in quanto quest’ultima dovrebbe avere come oggetti le classi di
equivalenza di atlanti. In tal caso sarebbe perd necessario anche ridefinire in

maniera compatibile i morfismi e i 2-morfismi; nell’ultimo capitolo é esposta
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un’idea di come cio potrebbe essere realizzato, insieme ai problemi ancora

aperti al riguardo.

Quanto descritto finora ¢ il tipico approccio della geometria differenziale
al concetto di orbifold, in cui gli oggetti hanno un’interpretazione geometrica
abbastanza semplice, mentre i morfismi e i 2-morfismi risultano difficili da
definire. Una visione alternativa di questi oggetti é stata introdotta da leke
Moerdijk nell’articolo “Orbifolds as groupoids: an introduction” del 2002,
usando anche la tesi di dottorato di Dorette Pronk “Groupoid Representa-
tion for Sheaves on Orbifolds” del 1997. In questi lavori si dimostra come
¢ naturale pensare agli orbifolds nei termini di gruppoidi, una nozione che

descriveremo in dettaglio nel terzo capitolo.

In particolare, i lavori di Ieke Moerdijk e di Dorette Pronk mostrano
come sia possibile associare ad ogni atlante un gruppoide sopra la cate-
goria (Manifolds) dei manifold complessi con alcune proprieta aggiuntive.
Tali oggetti saranno descritti e analizzati approfonditamente nel terzo capi-
tolo, prima nel caso di una categoria qualunque, poi nel caso della categoria
(Manifolds). Anche in questo contesto sono note in letteratura le definizioni
di morfismo tra gruppoidi e di trasformazione naturale tra morfismi; in questo
caso si riesce a descrivere una struttura di 2-categoria, che nella tesi ¢ deno-

tata con (Grp).

Apparentemente la descrizione dei gruppoidi come oggetti risulta essere
meno intuitiva di quella degli atlanti di un orbifold, ma in compenso é molto
pitl semplice definire e lavorare con i morfismi e i 2-morfismi. Di conseguenza
in letteratura esistono due approcci complementari agli orbifold: il primo ¢
quello della geometria differenziale, in cui in generale si ignorano i 2-morfismi
in quanto eccessivamente difficili da maneggiare, e si lavora solo con la ca-
tegoria costituita da atlanti e morfismi. Il secondo é quello che, assumendo

i lavori di Moerdijk e Pronk, associa ad ogni atlante un gruppoide e poi si
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limita a lavorare in questa 2-categoria, ignorando le definizioni di morfismi e

di 2-morfismi date nel contesto della geometria differenziale.

Lo scopo principale di questa tesi ¢ dunque quello di mostrare che i due
modi di procedere sono “compatibili” anche per quanto riguarda i morfismi e
i 2-morfismi, Per essere piu precisi, il quarto capitolo mostrera come costruire
un 2-funtore (analogo del concetto di funtore nel contesto delle 2-categorie)
da (Pre-Orb) in (Grp). In altri termini, si descrivera come associare ad ogni
sistema compatibile tra atlanti un morfismo di gruppoidi e come assegnare
ad ogni tranformazione naturale in (Pre-Orb) una trasformazione naturale
in (Grp), in maniera tale da conservare le composizioni e le identita. Questo

permette di rendere coerenti i due approcci agli orbifold appena descritti.

In questa trattazione rimangono aperti due problemi: il primo é verifi-
care se é possibile descrivere una relazione di equivalenza anche sui morfismi
e sui 2-morfismi di (Pre-Orb) in maniera tale da poter definire una nuova
2-categoria (Orb); il secondo, strettamente collegato al primo, consiste nel
verificare se, una volta costruita (Orb), sia ancora possibile descrivere un
2-funtore “indotto” dal precedente da tale 2-categoria in un’altra “simile” a
(Grp), cioé ottenuta da essa tramite una qualche relazione di equivalenza
sugli oggetti, sui morfismi e sui 2-morfismi. Se questo fosse effettivamente
possibile, sembrerebbe ragionevole aspettarsi che la relazione di equivalenza
sugli oggetti sia quella nota in letteratura con il nome di “Morita equivalence”,
e questo risulterebbe compatibile con la definizione di orbifold come “classe
di equivalenza di gruppoidi mediante Morita equivalence”, come descritto ad

esempio in alcuni lavori di Moerdijk ([M]).

Questa tesi ¢ organizzata nel modo seguente:

Capitolo 1: Categorie e 2-categorie Lo scopo di questo capitolo é fornire
le basi per lo studio delle categorie e delle 2-categorie. La trattazione

di questa parte segue strettamente il libro “Handbook of categorical
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algebra 1 - Basic Category Theory” di Francis Borceux. In particolare,
la prima parte é dedicata alla definizione di categoria e funtore, corre-
data da esempi, seguita dalla definizione di trasformazione naturale nel
contesto delle categorie (Cat) e (Manifolds). Gli esempi descritti in
questa sezione motivano 'introduzione dei concetti di 2-categoria e di
2-funtore, i cui assiomi sono enunciati nella terza parte. La quarta e ul-
tima sezione riguarda la definizione di prodotto fibrato in una categoria
arbitraria e la descrizione della sua costruzione esplicita nelle categorie
(Sets) e (HOM). Quest’ultima definizione sara utilizzata nel capitolo

3 per definire i gruppoidi su una categoria qualunque.

Capitolo 2: La 2-categoria degli orbifold complessi Nella prima sezio-
ne viene descritto il concetto di “sistema uniformizzante”, ovvero ’ana-
logo nel contesto degli orbifold del concetto di “carta” per un mani-
fold; viene data anche la definizione di “embedding” tra due sistemi
uniformizzanti, di gruppo stabilizzante e di atlante, usando i risultati
classici sull’argomento (esposti, ad esempio, in [Pe|). Nella seconda e
nella terza parte si danno le definizioni di morfismi (sistemi compatibili)
e 2-morfismi (trasformazioni naturali) per orbifold; inoltre si descrive
come definire le composizioni di morfismi e di 2-morfismi. Nella quarta
sezione si verifica che é possibile definire la 2-categoria (Pre-Orb); in-
fine nell’'ultima sezione si introduce la relazione di “equivalenza” tra
atlanti e si verifica che essa é effettivamente una relazione di equiva-
lenza sull’insieme degli atlanti per uno spazio X fissato. Nel corso di
questo capitolo si mostra anche come gli orbifold costituiscano una na-
turale generalizzazione della categoria costituita dai manifold complessi

e dalle mappe olomorfe tra di essi.

Capitolo 3: La 2-categoria dei gruppoidi interni in una categoria ¢
Nelle prime 3 sezioni si descrivono gli oggetti, i morfismi e i 2-morfismi
di -(Groupoids), che si verifica essere una 2-categoria nella quarta

parte. Tutto questo € costruito su una qualunque categoria % che am-
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metta prodotti fibrati. La quinta sezione descrive la 2-categoria (Grp)
dei gruppoidi interni in (Manifolds) con mappe source e target étale

e diagonale relativa propria. Per questa parte, si veda ad esempio [M].

Capitolo 4: Dagli orbifold ai gruppoidi Le prime 3 sezioni descrivono
come associare ad ogni oggetto, morfismo e 2-morfismo in (Pre-Orb)
un corrispondente oggetto, morfismo e 2-morfismo in (Grp). La quarta
e ultima sezione dimostra che questa costruzione soddisfa gli assiomi di
2-funtore. La prima sezione si basa essenzialmente sul lavoro di Dorette

Pronk (|Pr]), mentre le ultime tre sono originali.

Capitolo 5: Problemi aperti Si discute la possibilita di definire sulla 2-
categoria (Pre-Orb) una relazione di equivalenza sui morfismi e sui
2-morfismi, compatibile con quella sugli oggetti definita nel capitolo 2,
in modo tale da ottenere ancora una 2-categoria. Si tratta inoltre la
possibilita di indurre un 2-funtore avente tale nuova 2-categoria come
dominio e si analizza la possibilita che il codominio di tale 2-funtore
sia ottenuto a partire da (Grp) usando la relazione di equivalenza di
Morita (descritta, ad esempio, in [M]). Viene infine suggerito che sia
possibile provare che il 2-funtore descritto in precedenza (o il funtore
indotto da questo dopo essere passati alle opportune relazioni di equi-
valenza in dominio e codominio) sia essenzialmente suriettivo e rappre-
senti un’equivalenza di categorie se ristretto alle categorie costituite da

morfismi e 2-morfismi.






“A un matematico che fa manipolazioni
formali capita spesso di avere la sensazione
sconfortante che la propria matita lo

sorpassi in intelligenza.”

Howard W. Eves

“Mathematical Circles”

Chapter 1

Categories and 2-categories

1.1 Categories and functors

Let us start with some basic definitions about categories and functors,
taken almost under verbatim from [B]. Although we are mainly interested
in 2-categories, I think it is useful to put here also these definitions, in order

to compare them with the others.

Definition 1.1. A category € consists of the following data:

(1) a class 6, whose elements are called “objects of the category”;

(2) for every pair A and B of objects, a set Homg (A, B) = € (A, B), whose

elements are called “morphisms” or “arrows” from A to B;
(3) for every triple A, B, C of objects, a “composition” law:
¢ (A, B) x €(B,C)— €(A,C);
the composite of a pair (f, g) will be usually denoted as go f or gf;

(4) for every object A, a morphism 1, € (A, A), called the “identity” on A.

These data must satisfy the following axioms:

9
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(i) (associativity) given any triple f € €(A, B),g € €(B,C), h € €(C, D),
the following identity holds in the set €' (A, D):

ho(gof)=(hog)of;
(ii) (identity) for all f € € (A, B) and g € €(B,C), we have:
lpof=f and golg=yg.

We will say that € is a small category if € is a set.

A morphism f € % (A, B) will be often represented by the notation
f:A— B and A and B will called “source” and “target” of f. We re-
mark that in general this does not mean that f is a function from A to B,

as we will see in some of the following examples.

Whenever we write diagrams of this form:

!
A B
k N 9
D - C

we will mean that A, B, C, D are objects and f, g, h, k are morphisms in
% such that go f = h o k; in this case we will also say that such a diagram

1S commutative or commutes.

Definition 1.2. A morphism f : X — Y in a category & is called an
isomorphism iff there exists another morphism ¢ in the same category such
that go f = 1x and f o g = 1y. In this case the objects X and Y are called

1somorphic.

Example 1.1. Let us see some basic examples of categories:
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e sets and set maps: we refer to this category as (Sets);

topological spaces and continuos maps: (Top);

complex manifolds and holomorphic maps between them: (Manifolds);

groups and group homomorphisms: (Gr);

in the same way we can describe the category of K—vector spaces

(Vectx), of commutative rings (Rng), and so on.

In this list of examples we have always used sets (with additional proper-
ties) as objects and set maps (with additional properties) as morphisms of
the category. These categories are called concrete categories. However, this

is not the general case, as one can see from the following examples:

e any group (G,-) can be considered as a category in the following way:
the space of objects contains just one element p and any arrow from p
to itself corresponds to an element g € G. The composition of arrows
is just given by the multiplication in GG and the identity corresponds to
the identity of the group GG. Note that in this case we have obtained a

category where all morphisms are isomorphisms;

e a partially ordered set (X, <) gives rise to a category ¢ whose objects

are elements of X and where we say that for any pair of objects x and y:

a set with a single element, .
< ite <y
t(z,y) = denoted by x = y

%] otherwise.

Note that in this case the existence of the identity and the possibility
to compose are a direct consequence of the reflexivity and transitivity
of <;
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e let us fix a category ¥ and an object I in it. Then we define the
category €' /1 (“€ over I”) as follows:

— objects: all morphisms of € with target I;

— morphisms: a morphisms from the object (f : A — I) to the
object (¢ : B — I) is any morphism h : A — B such that goh = f,

1.e:

A B A " B
h Y
I

where the composition and the identities are obviously defined

using the axioms of €
e in the same way we define the category “I over €7 (I/%):

— objects: all morphisms of € with source I

— morphisms: a morphisms from the object (f : [ — A) to the

object (¢ : I — B) is any morphism h : A — B such that hof = g,

I
f h g def / X
Y
B;
h

A B A

1.e:

The last two are special cases of a general construction, called comma

category (see, for example, [B], §1.6),
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e for any category ¥ we can define its opposite category €°P: the ob-
jects are the same of % and for any pair of objects A, B we define
¢°P(A,B) := €(B,A). The identities of €°P are the same of <; for
any pair of morphisms f € ¥°P(A, B) and g € ¢°°(B,C) we define
the composition of them as f o g. In this way the axioms of a category
are easily satisfied. In other words, if we consider the morphisms of &
as arrows, those of €°P are just the same arrows of %, but formally

reversed.

Definition 1.3. An object e of a category € is called terminal (or final)

if for any other object C' of the category there exists exactly one morphism
f:C —e.

Using this property, one can easily prove that the terminal object of &, if
it exists, is unique up to isomorphisms. For example, in (Sets) a final object
is any of the sets with exactly one element; two of them are obviously in

bijection, i.e. they are isomorphic in (Sets).

Definition 1.4. The product of two categories o/ and % is the category
o x A defined as follows:

(1) the objects are the pairs (A, B) with A € o, B € Py;

(2) the morphisms with source (A, B) and target (A’, B") are the pairs (f, g)
where f € &/ (A, A’) and g € B(B, B');

(3) the composition is made "component by component, in other words:
(f.9") e (f,9):=(f"of.g"o9)
(4) for every object (A, B) € (& x %)y we set:
Lam = (1, 1p).

Clearly the product of two small categories is again a small category.
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Definition 1.5. A (covariant) functor F from a category </ to a category
A consists of the following data:

(1) a map:
ady — By

between the classes of objects; the image of any A € .7, is usually denoted
by F(A);

(2) for every pair of objects A, A’ of o/ a set map:
A (A A) — B(F(A), F(A));
the image of any f € &/ (A, A") will be always denoted by F'(f).
In order to have a functor, we require that the following axioms are satisfied:
(i) for every pair of morphisms f € &/(A, A’) and g € &7/(A’, A”)
F(go f) = F(g)o F(f);
(ii) for every object A of o

F(lA) - 1F(A)-

Note that here o denotes both the composition in ./ and the composition
in A. In general, it will be clear from the context in which category we are

working; the same holds also for unities on <7 and A.

Definition 1.6. A functor F' : o7 — A is essentially surjective if for every
object b € A, there exists a (not necessarily unique) object a € o7 such that
b is isomorpic to F(a).

F is called full if for every pair of objects A, A’ of .o/ we have that:

F(d (A, A) = B(F(A), F(A))



1.1 Categories and functors

15

i.e. if for every morphism ¢ from F(A) to F(A’) in Z there exists a (not
necessarily unique) morphism f from A to A" in o such that F(f) = g.

Fis called faithful if for every pair of objects A, B in o/ the map:

F:d(AA) — BF(A), F(A))

is injective.

A functor F'is called fully faithful if it is full and faithful.

A functor which is fully faithful and essentially surjective is called an
equivalence of categories . A list of equivalent conditions for a functor F' to

be an equivalence of categories can be found in [B|, proposition 3.4.3

Given two functors F': &/ — P and G : B — €, a pointwise composition
immediately produces a new functor Go F : &/ — %, called composition of
F and G Then it easy to show that small categories and functors between
them constitute a new category, denoted with (Cat). This is no longer true

if we don’t restrict to small categories.

Remark 1.1. Until now we have used only the so called covariant functors,
namely functors which preserve composition. Sometimes one can also find
examples of contravariant functors F' : o/ — 2B, that still preserve identities,

but which reverse the order of compositions, i.e. such that:

F(fog)=F(g)o F(f)

for every pair of composable morphisms f and ¢ in /. To any functor
of this form we can associate a covariant functor F°P : &/°P — 2 defined in

this way:

e on the level of objects it coincides with F’;
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e for every morphism f : A — B in €°P, (ie. f: B — Ain €) we
define:
FP(AL By =FBL A,

In this way F°P is a covariant functor. For this reason, we will always deal
only with covariant functors F' : &/ — % by substituting .o/ with its opposite
category if necessary. Note that the previous construction is invertible and
allows us also to associate to every covariant functor a contravariant one, if

necessary.

Example 1.2. A very useful functor is the forgetful functor. Consider any of
the previous categories where the objects (and the morphisms) are sets (and
set maps) with additional properties (i.e. a concrete category), for example
let us consider the category (Top) of topological spaces and continuos maps
between them, Then we can define the functor F' : (Top) — (Sets) as

follows:

e for any topological space X € (Top), we define F/(X) := X, considered

just as a set;

e for any continuos map f : X — Y between topological spaces, we define
F(f) := f considered as a set map from X to Y.

Clearly F' preserves composition and identities, hence it is a functor from
(Top) to (Sets); it is called “forgetful” functor because it forgets the to-
pological properties of the sets and sets maps it is applied to. The same
construction holds whenever we have 2 categories and the first one is con-
structed from the second one by requiring some additional properties on the

level of objects and/or on the level of morphisms.

Example 1.3. In category theory it is often used the notion of representable
functor: let us fix a category 4 and an object C in it. Then we can define

the functor:

€ (C,—): € — (Sets)



1.2 Natural tranformations

17

as follows: for any object A € %5, we set:

% (C,—)(A) :=%(C,A) = {all morphisms from C to A in ¢}.

Note that this is a set because of the definition of categories. Now for
every morphism f : A — B in € we have to define €(C, —)(f) =: €(C, f)
as a set map from ¢ (C,—)(A) to €(C, —)(B), so we proceed as follows:

¢, f): €A —  €0C,B)
(g:C—A) — (fog:C— D).

It is almost immediate to check that this is actually a functor; we will say
that this functor is representable and that the object C is a representative of
it. In general, given any functor F' from a fixed category % to (Sets) we will
say that F' is representable if there exists C' € %, such that F' = ¢ (C, —);

note that if such an object exists, it is necessarily unique.

Example 1.4. ([Lee],problem 6.2) For any smooth map f : M — N between
smooth manifolds, we can define its pullback: f* : T*N — T*M. Then it
is easy to prove that the assignement M — T*M and f — f* defines a
contravariant functor from the category of smooth manifolds to the category

of smooth vector bundles.

1.2 Natural tranformations

Definition 1.7. Given two functors F,G : & — A, a natural tranformation

or morphism of functors o from F to G is the datum of a class of morphisms:

a:={aa: F(A) = G(A)} acn

in 4 indexed by the objects of &/ and such that for every morphism

f:A— A'in o/ we have that the following diagram is commutative in 2:
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F(4) —— G(4)
F(f) N G(f)
F(A) ——— G(A).

Whenever we have a natural transformation « from F to G, we will denote

itas o : F' = G or:

o la A

The idea behind the use of this diagram is that we can think to objects as
points, functors as oriented segments and natural transformations as oriented
2-cells. Using such a picture, one can think to generalize this theory to n-cells

for arbitrary n € N. This can be done, see for example [Lei.

Now we can compose natural transformations in two different ways. First
of all, if we consider a triple of functors I, G, H from 7 to % and two natural
transformations: o : F = G and 3 : G = H, then we define O a: F = H

as follows: for every object A in &/ we set:

(BO®a)a = Paoaa.

In order to prove that this is again a natural tranformation it suffices to
fix any morphism f: A — A’ in &/ and compose the following commutative

squares:
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F(A) —2 a4 — 2 H(A)
F(f) N G(f) H(f)
F(A) ——— G(A) H(A).

A/
So we have described a wvertical composition of natural transformations:

F

e N

o o 4 = o  pBoa £

NIRRT ~—

H

Remark 1.2. Note that if we fix &/ and %, we can define a new category
HOM(«7, A) as follows:

objects: functors from o to XA

HOM(«, #) = . natural transformations
morphisms from F to G : Fe G
o = G,

Here the composition is just the vertical composition ©® we have just
defined and which is clearly associative; for every object F' : o — A the
identity on it is the natural transformation i : F' = F given by (ip)a = 1p(a)

for every object A in <.

Definition 1.8. A natural equivalence « is a natural transformation which
is invertible in HOM, i.e. which is invertible with respect to the vertical
composition. In other words, a natural transformation o : F' = G is a
natural equivalence iff there exists # : G = F such that a ® 8 = ig and
fOa=ip.
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Now let us consider a triple &7, %, % of categories, together with 4 func-
tors F,G : &/ — B, H K :  — € and 2 natural tranformations o : F = G
and 3 : H = K. Then we define fxa : Ho F = K oG as follows: for every
object A in &7, we set:

(ﬁ*Oé)A ::ﬂG(A)OH(CKA):HOF(A) —>KOG<A)

Let us prove that this family actually defines a natural transformation
from H o F to K o G: if we fix any morphism f : A — A’ in &7, then using

a we get a commutative diagram in 4:

oA

F(A) G(A)
F(f) Y G(f)
F(A') ——— G(A).

If we apply to it the functor H we get a commutative diagram in €

H(aa)

HoF(A) —— HoG(A)
HoF(f) mn HoG(f)

Ho F(A") — HoG(A).

H(ay)

Now G(f) : G(A) — G(A’) is a morphism in %, hence using the fact that

[ is a natural transformation from H to K we obtain:

B
HoG(A) =2 Ko G(A)

HoG(f) mny KoG(f)

HoG(A) — K o G(A).

G(A")
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If we glue together the last two diagrams, we get:

Ho F(A) 2% ko G(a)

HoF(f) m KoG(f)

HoF(A) —— K o G(A)

(Bxa) 41

i.e. [« is a natural transformation from H o F' to K o G. We call such
a transformation the horizontal composition of a and [3; the name is well

explained by this diagram:

o Yo S8 W8 "¢ - wiﬂﬁzgj%

G K KoG

Consider also the following example:

Example 1.5. Let us consider the category (Top) where the objects are
the topological spaces and the morphisms are the continuous maps between
them. Given two such maps f,g : A — B, we recall that an homotopy «

from f to ¢ is a continuous map:

a:lIxA—B

where I = [0, 1], such that «(0,a) = f(a) and a(1,a) = g(a) Ya € A; we

write a : f = g whenever « is an homotopy from f to g.
We consider now a triple of continuous maps f, g, h : A — B together with

2 homotopies a : f = g and #: g = h. Then we can define a composition

of homotopies as follows:

bOa:IxA—B
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(B a)(t,a) = { Ba@t,a) it <1/2

(2t —1,0) ift>1/2.

Hence we get a continuous map which coincides with f at t = 0 and with
hatt=1,ie. 8®a: f = h. This result appears similar to the definition
of vertical composition of natural tranformations given before. The only
problem is that this composition of homotopies is not associative in general.
Indeed, let us consider 3 homotopies between 4 continuos maps from A to B

as follows:

a:f=g9, P:g=h, and ~vy:h=k.

Then the composition:

nN=y70Fo0a): f=k

satifies 1(3,a) = h(a) Va € A, while the composition:

pw=nHop)oa: f=k

is such that u(3,a) = g(a) Vae€ A.

However, if we consider n and p as continuous maps: I x A — B, we can
prove that they are homotopic using the homotopy A : I x I x A — B given
by:

a(35) ift €[0,%(s+1)]
As,t,a) = B4t — (s+1)) ifte€[f(s+1),5(s+2)]
e=c=y if t € [1(s +2),1].

The idea behind this construction is explained by the following diagram:
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S
1
a [ B v
o 1 1 3 1 ¢t
4 2 4

Hence the vertical composition of homotopies is associative if we agree
to consider not the homotopies, but classes of homotopy of homotopies. A
standard but very long check (that we omit) will prove that this gives rise to

a composition map on the set of classes of homotopic homotopies.

There is also an analogue of the horizontal composition of natural trans-
formations, described for example on [B], example 7.1.4.b. Again this con-
struction is associative if we pass to equivalence classes of homotopic homo-

topies.

1.3 2-categories

The construction of vertical and horizontal compositions of natural tran-
formations in (Cat) and of classes of homotopies in (Top) suggests the idea
to define a notion of “2-category”, where we have not only objects and mor-
phisms, but also morphisms of morphisms between them. In order not to
make confusion, we will call morphisms or 1-morphisms the usual morphisms
between objects, while the abstract equivalent of natural tranformations and

homotopies will be called 2-morphisms.

Clearly, we want to have some compatibility conditions not only on the

level of 1-morphisms, but also on 2-morphisms. This leads to give the fol-
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lowing definition:

Definition 1.9. (|B], def. 7.1.1) A 2-category <7 consists of the following
data:

(1)
(2)

a class o7y, whose elements are called objects;

for every pair of objects A, B, a small category <7 (A, B); the objects
of this category are called arrows or 1-morphisms and will be denoted
by f: A — B. The morphisms of this category between any pair of 1-
morphisms f and g are called 2-morphisms and are denoted by o : f = g.

According to the previous examples, the composition of 2 composable
morphisms (i.e. 2-morphisms) «, 3 in the category <7 (A, B) will be called

vertical composition and denoted with 5 ® a.

for each triple A, B, C' of objects of o/, a functor :

CABC - ,Q{(A, B) X ,Qf(B,C) — JZ%(A, O)

The composition capc(f, g) of two objects f: A — B with g: B — C
will be denoted by go f. The composition ¢4 g o (a, 5) of two morphisms
a: f=find(ADB)and §: g = ¢ in &(B,C) will be called

horizontal composition and denoted by 3 * «;

for each object A of &7, a functor:

ug:1— (A A)

where 1 is the category with a single object x and a single morphism

identity 1, (this is a terminal object in (Cat)).

These data are required to satify the following axioms:

(i) (associativity axiom) given four objects A, B,C, D of <7, we have:
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capp © (1 X cpep) = cacp o (cape X 1)

where o here denotes the usual composition of functors; in other words,

we have a commutative diagram of categories and functors:

1><CBCD

(A, B) x o (B,C) x o (C,D) ~L? o/ (A, B) x (B, D)

capo X1 m CABD

o/ (A, C) x o/(C, D) o (A, D);

CACD

(ii) (unit axiom) for any pair of objects A, B of & the following isomor-

phisms hold:

caap o (ua x 1) = 1y ap) = cappo (1 X up)

where we don’t use identities because the categories 1 x <7 (A, B) and
o/ (A, B) x 1 are just isomorphic to 7 (A, B), but not equal. In other

words, we want the following diagram to be commutative:

R
R

1 x o/ (A, B) o/ (A, B) o/ (A, B) x 1
uag X1 m Y% 1Xup
(A, A) x o (A, B) (A, B) ———— o/(A,B) x o/(B, B);

CAAB

Remark 1.3. Let us call uy(z) =: 14 and us(1,) =: ia (instead of 1, ,, just
for simplicity); note that in this way we have: iy, : 14 = 14. Then we can
restate the previous axioms in terms of objects, 1-morphisms, 2-morphisms

and compositions o, ®, . In this way we get the following axioms:
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(a) for every triple of 1-morphisms of the form:
A-Lptcp

we have:

(hog)of=ho(gof);

(b) for every diagram:

we have:

(v * B) x v =y (B * a);
(c) for each 1-morphism A EN B, we have:

Jola=f=1pof;

(d) for each 2-morphism o : (f: A — B) = (¢g: A — B) we get:

axliy =0 =1 * Q.

(a) and (b) are obtained from (i) applied to objects and functors, and the
same for (c¢) and (d) which come from (ii). Actually, it is clear that these
new 4 axioms are equivalent to the previous two, so we will always verify this

list instead of the previous one.

Definition 1.10. A 2-isomorphism is a 2-morphism which is invertible with
respect to the vertical composition ®. This is the abstract equivalent of

natural equivalences described previously.

Remark 1.4. Let us consider the following diagram:
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f g
ST b N T 4 N
A B C
I g
T T
Vi 9"

and let us recall the definition of product of categories (definition 1.4): the
composition ® in &7 (A, B) x &7 (B, C) is defined “component by component”,
ie (8,0) © (a,7) = (6 ® «,0 ®7); we recall also that for any pair 6,7 of
composable 2-morphisms we use 7 * 0 to denote capc(6,n). Hence we get
that:

(0% B) © (v*a) = capc(B,0) © capcla, ) =
= capc((B,0) © (,7)) = capc(BO a, 6 ©7) = (B a)* (0 ©7).

This formula is known as interchange law.

While in category theory we are mainly interested in commutative dia-
grams, in 2-category theory in general we will use diagrams that only 2-

commute. For example, whenever we write:

A

we mean that there exists a 2-morphism a : go f = hok. Now let us

give some examples of 2-categories.

Example 1.6. The first basic example of 2-category is the one we described

previously, where the objects are small categories, the 1-morphisms are the
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functors and the 2-morphisms are the natural transformations between them.
Note that in this case the 2-isomorphisms are exactly the natural equiva-

lences.

Also the second example we described before with topological spaces as
objects, continuous maps as 1-morpisms and classes of homotopies as 2-
morphisms is an example of 2-category. This is not very hard to prove, but

too long for our purposes.

With a little abuse of notation, we will refer to these 2-categories as (Cat)

and (Top) as the corresponding categories previously defined.

Example 1.7. Every category / can be considered as a 2-category, just
saying that given any pair A, B of objects in it, the category </ (A, B) is just
a set, i.e. a category where the only morphisms are the identities. In other
words, we add to the category only the trivial 2-arrows that we have to put
in it because of the fourth point of definition 1.9. The composition on this

2-category is the usual one on 1-morphisms and is trivial on 2-morphisms.

Example 1.8. Conversely, if we consider any 2-category o/, we can associate
to it a category Jjust ignoring the 2-morphisms. If we do so, the axioms (a)
and (c) for a 2-category just coincide with axioms (i) and (ii) for a category
(see definition 1.1). We will call o the underlying category of the 2-category
o .

Example 1.9. One can also make the category (Gr) of groups and groups
homomorphisms into a 2-category in a non trivial way. This is described in
[B|, example 7.1.4.c. The main idea is that given any group homomorphism
f G — H and any element h € H, we can define a new group homo-
morphism g := h- f-h™! : G — H and we can consider h as a natural

transformation between f and g.

Definition 1.11. Asin the case of categories, we can easily define the product

o x B of two 2-categories: the objects are pair of objects (A, B) with A €
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Ay, B € PBy; the 1-morphisms between (A, B) and (A’, B') are pairs of 1-
morphisms (f,g) with f € &/ (A, A’)g and g € B(B, B')o; the 2-morphisms
are pairs of 2-morphism (a, 3). The compositions of 1-morphisms and of

2-morphisms are defined “component by component”.

In the case of category we have already seen the notion of functor; now
we are also interested in how to pass from a 2-category to another. Hence

we give the following:

Definition 1.12. Given two 2-categories & and A, a (covariant) 2-functor
F : o/ — % consists of the following data:

(1) for each object A in <7, an object F/(A) in 4,
(2) for each pair of objects A, A’ in &7, a functor:
Fan o (A A) — B(F(A), F(A));
with a little abuse of notation, sometimes we will denote this functor only

with F' as the corresponding 2-functor. These data must satisfy the following

axioms:
(i) (compatibility with composition) for any triple A, A’, A” of objects in
</, the following diagram of categories and functors commutes:

CAA/A//

o (A, A') x o (A, A") o (A, A")

Fyar XFar an N Fy,an

B(F(A), F(A)) x B(E(A), F(A")) B(F(A), F(A"));

CR(A)F(A')F(A")

(i) for every object A in & the following diagram commutes:

ug UF(A)
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Remark 1.5. We can use also the following equivalent conditions:

(a) for every pair of morphisms f: A — A" and g: A’ — A” we have:

F(go f) = F(g)o F(f);

(b) for every diagram in .o/ of the form:

we have that:

F(B*xa)=F(B)* F(a);

(c) for every object A of &/ we have

F(lA) = 1F(A) and F(ZA) = iF(A)-

Here (a) and (b) together are equivalent to (i), while (c) is equivalent to

condition (ii).

Remark 1.6. In particular, using axioms (a) and the first part of (c), we get
that a 2-functor F : &/ — 2 induces an ordinary functor F:dd — B
between the underlying categories. This functor will be called the underlying
functor of the 2-functor F.

Note also that given a functor between categories, it is easy to induce a
2-functor between the corresponding 2-categories: it suffices to define it in
the trivial way on the level of 2-morphism; at this level there is nothing to

check, since we have only the 2-identities.
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1.4 Fibered products of categories

Definition 1.13. Let us fix a category %’; a commutative diagram:

f,
V A
g % g
X 7 Y

in € is called cartesian if it has the following universal property:

UP: for any object U and for any pair of morphisms a : U — X and
b:U — Y in € such that f oa = g o b, there exists a unique morphism

h:U — V such that a = ¢’ oh and b = f' o h, i.e:

We will always denote a cartesian diagram with the notation:

f/

v
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Definition 1.14. If such a diagram is cartesian, we will say that V is a fiber

product of X and Z over Y and we will denote it with:

XfXgZ

or also with:

X Xy Z
if there is no ambiguity on the morphisms f and g used.
Remark 1.7. Let us fix a category ¢ and a pair of morphisms f : X — Y
and g : Z — Y. Then the fiber product X xy Z, if it exists, is unique up to

1somorphisms. Indeed, let us suppose that we have two cartesian diagrams

with the same lower-right corner:

f1 15
Vi Z Vs ’ Z
91 O 9 9 ] g
X 7 Y X ; Y.

Then using the UP of the first diagram and the fact that the second one

is commutative, we get that there exists a unique h : Vo — Vj such that:

Y.

(1.1)

Conversely, using the UP of the second diagram and the commutativity

of the first one, we get that there exists a unique k : Vi — V5 such that:
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Y.

(1.2)

Now using together (1.1) and (1.2) we get that:

fi=fyok=fio(hok) and f;=fy0(hok)
Now if we use the UP of the first diagram together with its commutativity,

we get that there exists a unique morphism [ : V; — V; such that

fi=fiol and fy=fyol.

Now since 1y, has this property, we conclude that [ = 1y,; hence:

hijZlVl.

In the same way we get that koh = 1y,, hence h and k are isomorphisms,

one the inverse of the other, and V; is isomorphic to V5.

So we are allowed to talk of “the” fiber product (up to isomorphisms)
instead of “a” fiber product. This is a general property connected to the fact
that the fiber product is a particular case of a construction known as “limit”

in category theory (see, for example, [B], chapter 2).

Definition 1.15. Let us fix a category % and suppose it has a terminal
object o. If we fix two objects A and B in %, we can consider the unique
pair of morphisms f : A — e and g : B — e. Then if the fiber product
A X, B exists, we refer to it as the product of A and B and we denote it
with A x B.



34 1.4 Fibered products of categories

Example 1.10. While in general it is difficult to prove if a category has fiber
products or not, the definition of fiber products and cartesian diagrams is
very simple in the case we work in (Sets). Indeed, let us consider a diagram

of set and set maps as follows:

X Y.

f

We want to complete it to a cartesian diagram; a standard way to do this

is to consider the set:

X xy Z:={(z,z)st. z € X,z€ Zand f(z) =9g(2)} C X x Z.

Let us call pr; and pry the two projections from X Xy Z to X and Z
respectively, i.e. pri(x,z) = x and pry(x, z) = z; then we can consider the

diagram:

Y

which is clearly commutative since for any (z,z2) € X xy Z we have:

gopra(z,z) =g(z) = f(x) = fopri(z, z).
Now we want to prove that this diagram is cartesian, i.e. we want to ve-

rify that it has the UP described before. Then consider any set U together
with a pair of set maps a: U — X and b: U — Z, such that foa = gob.
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Hence for any element u € U we have f(a(u)) = g(b(u)); in other words

(a(u),b(u)) belongs to X xy Z; so we can define aset map h: U — X xy Z:

Now for every u € U, we get that pry o h(u) = pri(a(u),b(u)) = a(u),
hence pri o h = a; similary, we get that pro o h = b. Moreover, one can easily
verify that h is the only set map which verifies these conditions. So we have
proved that the previous diagram is cartesian. Hence we have proved the

well-known fact that:

Proposition 1.4.1. (Sets) is a category where the fiber products always

exist.

Example 1.11. Let us fix a category % and let us consider the category:

2 := HOM(%, (Sets))

as described in remark 1.2. Here the objects are functors from % to
(Sets), while the morphisms are natural transformations between them; the
composition in this category is the vertical composition ® defined in §1.2.

Let us fix in & any pair of morphisms with common target:

a:F=G and (:H= G,

we want to define a fiber product K of them in &. Since we work in 2,
this object must be a functor from % to (Sets); in particular, for any object
A € 6, we have to define a set K(A). In (Sets) we have just computed the
fiber product, so it makes sense to define K (A) as the fiber product in (Sets)

of the set maps a4 and [4:
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K(A) — " ()
pri O Ba
F(A) ——— G(4)

Now in order to define a functor, we have also to define the images of
morphisms in %, so let us fix any morphism f: A — B in %. Then we have

the following situation:

$
K(A) ’ H(A)
7 aw)
pri K(B) — = H(B)
prB O BB
F(A) ——— F(B) —— G(B)

(1.3)

Here we want to prove that the external square is commutative in order
to prove the existence of the dashed map ¢. So let us take any element
(x,2) € K(A), ie.

v € F(A), zc H(A) with as(z)= Ba(2);

we recall that o and ( are natural transformations, hence we have com-

mutative squares:
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A

F(A) G(A) H(A)
F(f) Y G(f) Y H(f)
F(B) —— G(B) ——— H(B)

Hence:

ag o F(f)opri(z,2) = ap o F(f)(z) = G(f) o au(z) =

= G(f) o Ba(z) = Bp o H(f)(2) = B o H(f) o pry(x, 2)

so the external square in (1.3) is commutative. Using the fact that the
internal square is cartesian in (Sets) by definition of K (B), we get that there
exists a unique set map ¢ : K(A) — K(B) such that:

F(fyopri=prf oy and G(f)oprs =pryoe. (1.4)

Now let us define K(f) := ¢; we want to prove that with this definition
K is a functor from % to (Sets).

First of all, let us consider any pair of morphisms in ¢: A LB Cand
let us apply the functor K to them. By definition of K(f) and K(g) we get

the following commutative diagram:
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prs
K(A) H(A)
K(f)
N G(f)
prP
K(B) H(B)r| Glgof)
prf ) ~ G(9)
pr§
~  prf K(C) H(C)
~
pr{ O Bc
(f) (9)
F(A) F(B) F(C) —— G(O)
W
F(gof)

Hence if we define ¢ := K(g) o K(f), we get that:

F(gof)opri=prfo¢ and Glgo f)opry =pry ot; (1.5)
but we recall that by definition of K (go f), this is the unique map 1) such
that (1.5) holds. Hence:
K(go f) =v = K(g) o K(f);

since this holds for every pair of composable arrows f,g in %, we have

proved that K preserves compositions.

Moreover, for any object A € ¥ we get that the following diagram is

commutative:
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K(A) e H(A)
e N G(la)=1ga)
prst
Prf K(A) H(A)
~
pri | Ba
FUA) s FOA) — o G4)

hence using again the uniqueness part of the UP we get that K(14) =
1k (a), so we have proved that K preserves also the identities, hence it is a

functor from € to (Sets).
Now let us define the natural transformations:

pri: K=F and pro: K= H

as follows: for every object A in &, we define

(pri)a = prit: K(A) — F(A)

and analogously for (prs)a. These are clearly natural transformations
because of (1.4).

Now our aim is to prove that the diagram of functors and natural trans-

formations:

=
N e—

(1.6)
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is cartesian in &. First of all, it is commutative; indeed for any object
A € € we have that:

Qg * (pT’l)A = B4 * (pT2)A

by definition of K(A). Hence oo @ pry = 5 ® pra.

So we have only to prove that the UP of fiber products is satisfied, so

let us fix any commutative diagram in & with the same lower-right corner of
(1.6):

=

N e—
Qé¢——
° =

(1.7)

hence, for any fixed object A in & we get the following diagram in (Sets):

(1.8)

where the external diagram is commutative because of (1.7) and the in-
ternal square is cartesian in (Sets) by definition of K. So we get that there

exists a unique set map ¥4 from L(A) to K(A), such that:

YA :pr‘f‘owA and (5A:p7’§401/1A. (1.9)
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Now we want to prove that ¢ := {¢4 : L(A) — K(A)}aew, is a natural
transformation from L to K; so let us fix any morphism f: A — B in % and

let us consider the following diagram:

where also the external diagram is commutative because by hypothesis ~y

is a natural trasformation from L to F. So we get that:

prio(K(f)oha) = F(f)opritowa = F(f)oya = vpoL(f) = pro(ipoL(f)).
(1.10)

In the same way, using the diagram:

oA
//—N\
L) e K(A) o H(A)
L(f) K(f) H(f)
VB pry
L(B) K(B) H(B)
W
dB

we get that:

pry o (K(f) o ta) = pry o (5 o L(f)). (1.11)
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Now if we use (1.10) and (1.11) together with the uniqueness part of the
UP for K(B), we get that:

Yo L(f) = K(f)ova.

Since this holds for every morphism f: A — B in %, we get that v is a
natural transformation from L to K. Moreover, using (1.9) we have that v
is such that:

Yy=pr1©®¢ and 0§ =pry© y;

in addition 1 is unique because for every object A of € we were forced
in the previous construction to define ¢4 as the unique set map such that

(1.8) is commutative. So we have proved that (1.6) is cartesian in 9.

In other words, for any pair of morphisms a: F = G and §: H = G in
D, there exists their fiber product K = F, xg H in 9.

Remark 1.8. he previous two examples can’t be generalized. Indeed there exist
categories where the fiber product never exists or exists only if we require
some additional properties on the level of objects and/or morphisms. This

is the case of fiber products in (Manifolds), as we will see in chapter 3.



“L’Assioma della scelta é ovviamente vero,
il principio del buon ordinamento &
ovviamente falso, e, circa il Lemma di

Zorn, chi é capace di capirci qualcosa?”

Jerry Bona
in Leonesi-Toffalori, “Matematica, miracoli e

paradossi”

Chapter 2

The 2-category of complex
reduced orbifolds

2.1 Uniformizing systems, embeddings and atlases

We begin with some basic definitions about complex orbifolds. Since we
will work only over C, in general we will use the word “orbifold” instead of

“complex orbifold”.

Definition 2.1. Let X be a (paracompact) second countable Hausdorff to-
pological space and let U C X be open and non-empty. Then a (complex)

uniformizing system for U is the datum of:
e a connected and non-empty open set U cCm

e a finite group G of holomorphic automorphisms of U ; since G is a

group, it contains at least the identity on U ;

e a continuous, surjective and G-invariant map 7 : U—U , which induces
an homeomorphism between U/G and U, where we give to U/G the
quotient topology.

Sometimes we will call a set of data (U, G, 7) an orbifold chart of dimension

n for the open set U.

43
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Remark 2.1. In all this work we will always mean that G is a set of maps,
which is also a group. In other words, we can’t have 2 different elements of G
which correspond to the same holomorphic automorphism of U ; the orbifolds
which have this property are usually called reduced or effective. (The precise

definitions of orbifold and orbifold atlas, will be given in the following pages.)

Some authors don’t use this restriction: in this case G is a priori a group
and we can give a representation of it in terms of holomorphic automorphism
of U ; 80 it is possible to have different elements of G which are represented
by the same map. Here with “representation” of the abstract group G we
mean a group homomorphism:

¥ G — Aut(0)

from G to the group of holomorphic automorphisms of U ; then to say
that G acts effectively is just equivalent to require that ¢ is injective. We
will say that an orbifold chart (ﬁ, G, ) is reduced if the action of G on U is

effective.

In some of the next constructions it will be necessary to use reduced

orbifolds, so from now on we will always restrict to reduced orbifolds.

Since we will deal always with holomorphic functions, let us recall a well

known result about holomorphic functions of several variables.

Theorem 2.1.1. (inverse mapping theorem in the compler case) Let A and
B be open sets in C" and let f : A — B be a holomorphic function. If f
is non-singular (i.e. its jacobian matriz is non-singular) in a point a € A,
then there exists an open neighborhood B’ of f(a) in B where f is invertible;

moreover [~ : B' — f~1(B’) C A is also holomorphic.

A proof of this fact can be found, for example, in [CG]|, (chapter C,

theorem 6).
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Lemma 2.1.2. Let U be an open subset of C" and let G be a finite group of
holomporphic automorphism on U which fix a point = € U. Then for every

open neighborhood A of T in l7, there exists B such that:

(i) B is an open neighborhood of T, complety contained in Av;
(ii) B is G-invariant;
(iii) B is connected.

Proof. Let us define:

by hypothesis every g € G fixes T, which belongs to g, so also B contains
Z; moreover, every g is a holomorphic automorphism of U and A is open, So
also g(g) is so, hence B is a finite intersection of open subsets, so it is again

open and contains Z. Then (i) is proved.

Now let us fix any h € G and let us consider the set map:

G — G
g — hog=:1g;

this map is bijective because h is invertible, so we have that:

WB)=(Vhog(d)=()iA) =B (2.1)

9eG 4G
so B is stable under the action of the group G. Now if the set B we
have found is not connected, let us take the path-connected component B
which contains Z. Then (i) is again verified easily and so it suffices only to
verify that (ii) is satisfied by B'; so let us fix any h € G and let us first prove
that h(é’) C B'. In order to do this, let us take any point § € B’ and let
us choose any path 7 : [0,1] — B’ such that v(0) = # and (1) = §. By

applying the continuos map h (which can be considered as defined from B to
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B using (2.1)), we get a continuos map & := h o~ from [0,1] to B. Now let
us argue by contradiction and let us suppose that h(g) ¢ B’; then we obtain

that 8 : [0,1] — B is a continuos map such that:

5(0) = h(1(0)) = h(#) = F € B' and  6(1) = h(y(1)) = h(j) ¢ B’
but this contradicts the definition of B’ as one of the path-connected
components of B.
So we have proved that for every h € G we have that h(B') C B'. Now we
want to prove that equality holds, so let us argue by contradiction and let us
suppose there exists hy € G such that ho(é’) G B'. Since G is a group, also
hy' € G, hence we have that hy'(B') C B, so:

B =hoohy'(B) Chy(B) & B

which is absurd. Hence we have proved that B’ is stable under the action

of G, so it suffices to redefine B as B’ and we are done. n

Lemma 2.1.3. (Cartan’s linearization lemma) Let U be a connected non-
empty open set in C" and let G be a finite group of holomorphic automor-

phisms on U which fix a point T € U. Then there exist:
e an open neighborhood UcU of T, which is G-invariant;
e an open neighborhood 1% of the origin in C";

a finite group H of complex linear invertible maps that act on 17;

a biholomorphic map o : U' =V such that o(z)=0;

e a group isomorphism & : G = H such that for every g € G we have:

gog=a(g)oo. (2.2)

Proof. ([Cal, lemma 1) First of all, without loss of generality we can suppose

that Z is the origin of C™ (at most we apply a translation, which is clearly
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a biholomorphic change of coordinates). Now for every g € G we define
(¢' = dgjz the differential of g at £ = 0), which is a linear map from the
tangent space of U at the origin to the tangent space at the point g(), again
the origin. Both the tangent spaces are isomorphic to C", so from now on
for us ¢’ will be a linear map from C" to itself. This map is also invertible
with inverse (¢')~! = (¢7') i.e. the differential at Z of the inverse of g, which

again fixes 7.

Moreover, we have:

(g™ 0 g)j=o = d(9' g 0 dgp = g 0 g’ = . (23)

Now let us define the set map:

0::%29’_109

geG
where r is the cardinality of the finite group G. Since every g € G fixes

T = 0 and all the ¢’ are linear maps, we have that ¢(0) = 0. Moreover, using
(2.3) we have that the differential at 0 of ¢ is the identity, so in particular o

is nonsingular in this point.

Now every term of the sum in ¢ is the composition of a linear complex
map with an holomorphic one, so we have that o is holomorphic. Then
we can apply theorem 2.1.1 and we get two open neighborhood 17’, 1% (with
FelU CUand0e ‘7) such that o : U’ = V is a biholomorphic map.

Now let us define the group H := {¢'s.t. ¢ € G} and the set map
o : G — H that to every ¢ in G associates its differential ¢’ in . Using
the properties of differential, it is easy to see that ¢ is a group homomor-

phism, which is also surjective by definition of H.
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If V is not stable under the action of the group H (which fixes 0) then we
can apply the previuos lemma and we restrict it to a smaller neighborhood
of 0, which H-invariant, connected and contained in the previous one. Since
o was invertible with holomorphic inverse on ‘N/, so is on this smaller set that
for simplicity we will call again 1% (and consequently, we will call again U’
the image of this set via o™ !).

Now we want to prove (2.2), so let h be any element of G and let us
consider the map ¢ : G — G defined as ¢(g) := go h = g. This map is

bijective, so we have:

1
h:—é = h—h/ E h1lo h| =
oo . (g ogo ( ogo >

geqG gelG

=ho (%Z(g’oh’)_logoh> =ho <%Z(goh)/_lo(goh)> =

geG geG

(Zwl )Zh/OO'.
gea

Since this holds for every h € G, then (2.2) is proved. This formula
implies that ¢ is injective: indeed, it suffices to prove that if 5(¢g) = 1, then
g = 1, but this is obvious using (2.2) and the fact that o is invertible by
construction. Moreover, the same formula proves that U’ is stable under the

action of G using the fact that & is surjective and that V is H-invariant. [
Definition 2.2. Let (U, G, 7) be a uniformizing system and let 7 € U. Then

we define the isotropy subgroup (also known as stabilizer group) at T as:

Gz ={g € Gs.t. g(T) =17}

which is clearly a subgroup of G.

Remark 2.2. Let ([7, G, m) be a uniformizing system and let = € U such that
G; is trivial. Then for any point § € U such that m(z) = 7(§) there exists a
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unique g € G such that ¢(z) = 7.

Indeed, the existence follows from the definition of uniformizing system,
since 7r(l7) is homeomorphic to ﬁ/G Now let us suppose that there exists
another h € G such that h(Z) = §. Then g7t o h(Z) = ¢ '(3) = 7, i.e.
g loh e Gz, hence g = h.

Lemma 2.1.4. Let ((7, G, m) be a uniformizing system, let & € U and g€ qG.
If (%) # T, then there exists a radius r = r(Z,g) > 0 such that if we call B,

the open ball with radius r and centered in x, we have:

¢(B,)NB, = @. (2.4)

Proof. Let us argue by contradiction and let us suppose that such a radius
does not exist; then for every n € N there exists a point £, € g(Bl/n) N Bi/n.
Hence, in particular, for every n there exists ¢, € By, such that g(¢,) =
t,. Now by construction lim,_ .. §, = & because §, € By, for every n;
so by continuity of g, we have lim, .., g(¢,) = ¢(Z). On the other hand,
limy, oo 9(Gn) = lim,_oot, = &. Hence g(Z) = &, which contradicts the

hypothesis. O

Remark 2.3. For every uniformizing system ((7, G, ) and for every g € G \
{15} we define the sets:

Uy ={teUst g(f)#%} and UY:{ieUstg(&) =i}

Then for every g € G~ {15} we have that [79 is dense in U. Indeed, if it
is not dense, this implies that there exists an open subset where g = 15; since

g is holomorphic, this implies that ¢ is the identity on all U , contradiction.

Moreover we can prove the following very useful lemmas:

Lemma 2.1.5. For every uniformizing system (ﬁ, G, ) the set:
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[7@ = m [7!]

geG {15}
of points T of U with trivial stabilizer Gz 1s dense in U.

Proof. Tt suffices to prove that for every point = € U and for every open ball
B sufficently small and centered in Z, the set fjc N B is non-empty. If we use
lemma 2.1.4, we get that for every g € G . GGz there exists a positive radius
ry = 7(Z, g) such that (2.4) holds. Since G is finite (and so also G \ G3), if
we call 7o = ro(Z) the minimum of this radii, then also 7 is positive; using
(2.4) we get that:

9(B,,) N By, =9 Vge G\ G;. (2.5)

Clearly if we choose any radius r with 0 < r < ry, we have that the same
relation holds also if we substitute rg with . Now for every radius 0 < r < ry
we can apply lemma 2.1.2 to the set B, and to the point z, fixed by the group
G;. So there exists an open neighborhood B, of &, which is stable under the
action of the group G; and such that B, C B,.

Since B, C B, C B,,, using (2.5) we get that:

g(B,))NB, =@ Vge G~ Gz

then the set of points with trivial stabilizer in B, with respect to G coin-

cides with the set of points with trivial stabilizer with respect to G;.

Moreover, all the elements of G; fix x; then we can apply the linearization

lemma and we get a holomorphic change of coordinates:

~

o:B.5C,
where B’ is an open neighborhood of & contained in B,, C, is an open

neighborhood of the origin in C" and o(Z) = 0. Moreover, we get also a

group H which acts linearily on C,, and a group isomorphism:
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such that for every g € GGz we have:

cgog=2a(g)oo.

In particular, the points with trivial stabilizer in B (with respect to Gj)
are mapped by o to points with trivial stabilizer in C, (with respect to H).
Indeed, let y be a point with trivial stabilizer with respect to Gz and let
h € H ~ {1¢,}; since 7 is a group isomorphism, there exists g € G \ {15}
such that o(g) = h, so:

o(y) # o(9()) = a(g)(a(9)) = h(o(y)).

Now for every h € H ~\ {1¢,} the set of points which are fixed by A is
the eigenspace corresponding to the eigenvalue 1 for the linear function h

(intersecated with C.,) and this space has complex dimension at most n — 1.

Then in the new coordinates the set of points with non trivial stabilizer
is a finite union of proper linear subspaces of C" intersecated with the open

neighborhood of the origin C,, hence C, contains points with trivial stabilizer.

So also B! contains points with trivial stabilizer with respect to G; using
what we said previously we have that B’ contains also points with trivial sta-

bilizer with respect to the whole group G.

Now we recall that by construction B{n C B, C B,, so we have proved
that for every positiv radius r (less or equal than ro = ro(Z) > 0), there
exists a point with trivial stabilizer in the open ball B, centered in z, and

this holds for every point Z in U , so the statement is proved. O

Lemma 2.1.6. The set of points with trivial stabilizers in U is also open
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Proof. Let & be a point with trivial stabilizer and let us take any g € G\ {15}.
Then g(z) # 7, i.e. (g9 —1idy)(Z) # 0. Now g is continuous, so also g — ids
is so, hence there exists an open neighbohood A, of & such that g(3) # ¢ for
all y € A;. Now if we consider the set:

A= ) A4

9eG~{15}
we get that A is an open neighborhood of Z that contains only points with
trivial stabilizer. Since this holds for every point  with trivial stabilizer, we

have proved the statement. O

Definition 2.3. Let us fix two uniformizing systems ((7, G, ) and (‘7, H, )
for open sets U,V in X with U C V. Then a (complex) embedding X from the
first to the second uniformizing system is given by an holomorphic embedding
X : U — V such that ¢ oA = m. In other words, if we call j : U — V the

inclusion map, we require that the following diagram is commutative:

U V

U % V.

The following is a very useful technical result. It was proved for the
first time by I. Satake ([Sa]) with an extra assumption, and by I.Moerdijk
and D.Pronk ([MP]) in the general case for orbifolds over the real numbers.
The following is an analogous result proved in the case of orbifolds over the

complex numbers.

Lemma 2.1.7. Let A and p be two embeddings: (U, G, 7) — (V, H,$). Then
there exists a unique h € H such that p = ho \.

Proof. (adapted to the complex case from [Pr|, proposition 4.2.2 and from

[MP], appendix, proposition A.1) Lemma 2.1.5 says that the set of points
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with trivial stabilizer is dense in V; moreover the set A(U) is open (since X is

an embedding and both U and V have complex dimension n) and non-empty,

hence there exists § € A(U) with trivial stabilizer. For symplicity, let us call
7= \"1(y).

Now ¢(7) = ¢ o MZ) = 7(Z) = ¢(u(Z)) and g has trivial stabilizer, so

using remark 2.2 we get that there exists a unique h € H such that:

h(g) = u(@) = p(A (7). (2.6)

Now let us consider the set:

L={z¢ )\([7) s.t. H; is not trivial};

of points with non-trivial stabilizer and let us call C' the path connected
component of (A(U) ~ L) C V which contains the point j. Then we divide

the proof of the lemma in several claims:

(a) We claim that the element h we have just found is the same for all the
points of C.

By construction for every point 3§’ € C' there exists a continuos map

a : [0,1] — C such that a(0) = g and a(1) = 7. Since « has target in

C C AU) \ L, if we proceed as previuosly we can prove that there is a well

defined map:

he :[0,1] = G

such that for every ¢t € [0, 1] we have that h, () is the unique element in
H such that:

ha(t)(a(t)) = (A (a(1))).- (2.7)

(b) Now we claim that for every t € [0, 1] we have hy(t) = hya(0).
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If claim (b) is proved, then we can choose any sequence t,, € [0, 1] with

t, — 1 and we have that:

hence (using uniqueness) we get that h,(1) = h,(0) and this holds for
every point ¢’ € C' (and for every path a from g to §'). Hence h is the same
for all the points of C, so claim (a) is proved once we have proved claim

(b). Here we used the following facts:

e (1) and (6) follow from the definition of the sequence ¢, and by conti-
nuity of the path «;

(2) is continuity of h,(0), which is an element of G, hence holomorphic;

e (3) is just claim (b), that we have not proved yet;
e (4) is equation (2.7);

(5) is the continuity of the map p o A\™! o a where the continuity of

A~1 follows by the fact that by hypothesis ) is an embedding, hence in

particular it is an homeomorphism if restricted in target.

Hence we have only to prove claim (b): let us argue by contraddiction and
let us suppose that there exists at least a point ¢ €]0, 1[ such that h,(t) #

ha(0); hence we can define the point:

t ;= inf{t €]0,1[ s.t. ho(t) # ha(0)}

and we have to distinguish between two cases:
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e if ¢ = 0, then there exists a sequence t,, — 0 such that h,(t,) # ha(0).
By definition of uniformizing system the group H is finite, hence there
exists at least an element h € H ~ {h,(0)} and a subsequence t;, such
that hq(tr,) = h. Then we can argue as before using continuity and
we can conclude that h,(0) = h, but this contradicts the fact that by
contruction h # hy(0).

e If ¢ €]0, 1] then this means that h,(t) = he(0) for all 0 < ¢ < ¢, hence
using again continuity we get that h,(t) = ho(0). On the other hand,
we can argue as in the previuos case finding a sequence t,, €]¢,1], ¢, — ¢
and an element h € H ~ {h,(0)} such that h,(t,) = h for all n; by

continuity we get h,(f) = h, again a contradiction.

So claim (b) is proved, and hence also claim (a) is true, so until now we
have proved that we can associate the same element h € H to all the points

in C.

(c) We claim that N(U) \ L has a unique path-connected component, i.e. C.

In order to prove that, let us fix any point ¢’ in )\(ﬁ) ~ L; now U is
open and connected by defition of uniformizing system, hence it is also path-

connected. Since A is continuous, we have that also A(U) is path-connected,
so there exists a continuous map 7 : [0,1] — A(U) such that v(0) = 7 and
v(1) = ¢'. Let us suppose that v([0,1]) N L # @& (in the other case claim
(c) is already proved). In this case we want to replace v with another path
which doesn’t intersect L. First of all, we observe that (using the notation

introduced in lemma 2.1.5)

L=V~ VTHnAU)

hence, using lemma 2.1.6, L is closed in the topology of A(U); moreover,
since 7 is continuous, we have that ([0, 1]) is compact. Hence ~([0,1]) N L
is compact too. Now for every point Z in this set, we can apply the same

construction made in lemma 2.1.5 in order to obtain an open neighborhood
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of Z, completely contained in A(U) and such that we can linearize the action

of the isotropy group G:.

If we consider the family of all such open sets (indexed on the points of
v([0,1])N L), we get that this is an open cover of a compact set, hence we can
extract from it a finite cover. Let us call {Z;,i = 1,--- ;n} the finite set of
points we have selected and let us call B; the corresponding open neighbor-

hoods (those which in lemma 2.1.5 were called B! , where ry = 79(Z;) > 0).

ro?
Note that without loss of generality for every ¢ = 1,---n we can assume
that B; is connected (hence also path-connected) because all the elements of
G, fix z;, so they map the connected component which contains z; to itself.
Moreover, without loss of generality we can assume that the B; are chosen

such that B;,N B;y; # @ foralli=1,--- ;n—1.

Since ([0, 1]) N L is compact, its inverse image via y is a closed subset
of [0,1], so it is compact in it. Moreovere, it does not contain nor 0 nor 1
because by construction both v(0) = g and (1) = ¢’ don’t belong to L; so

it makes sense to define:

a:=min{t € [0,1] s.t. v(¢) € L} and b:=max{t €[0,1]s.t. y(t) € L}

and we have that 0 < a < b < 1; without loss of generality, we can assume
that vy(a) = 2z, and v(b) = Z,.

Now Bj is an open neighborhood of Z; = ~(a), a is positive and 7 is
continuous, so there exists 0 < a’ < a such that ¢ := y(a’) € B;. Moreover,
by definition of a we have that qo ¢ L.

By construction, we have supposed that B;N By # &, moreover, it is open
because both By and B, are so, then we can use lemma 2.1.5 in order to choose
a point ¢; with trivial stabilizer in B1NBy. Now we can apply the linearization

lemma to the set By, so we get a biholomorphism o : By — o(B;) =: (4.
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Via this map, the set By N L is mapped to the set of points with non-trivial
stabilizer with respect to a finite group H; of linear maps that act on ', so

we have:

sBinL)= |J =1

heHy \{101}

where using the notation of remark 2.3 we have that O] is the set of all
the points in C] fixed by h, i.e. the eigenspace of h corresponding to the
eigenvalue 1, intersecated with C;. Now h # 1¢,, hence the complex dimen-
sion of CI is at most n — 1, so its real dimension is at most 2n — 2 if we
consider C" as homeomorphic to R?". Now by construction C; is connected
and open in C", so if we choose any element h € H ~\ {1¢,} we get that
C) \ O} is again connected and open. Since H \ {1¢, } is finite, we can apply

induction and we get that the set L' does not disconnect C4.

Hence C \ L’ is connected and open in C™, so it is path connected; more-
over, by construction it contains the images of the points ¢y and ¢;. Hence
there exists a path ¢; connecting them and which does not contain any point
of L'. If we apply to §; the continuous map o~! we get a path +; connecting

qo and ¢, and which doesn’t intersect L.

Now if we consider a point ¢ € By N B3 with trivial stabilizer, we can
apply the same argument in By and we get a path 7, connecting ¢; and ¢
and which doesn’t intersect L, and so on. The last step is analogous to the
first one and allows us to find a path ~,_; which does not intersect L and
which connects a point with trivial stabilizer ¢, € B,_1 N B,, with a point
of the form ¢, = v(b') with b < ¥ < 1.

Now we can consider a new path given by the concatenation of the fol-

lowing paths:
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~ 7[0,a’] 7 Yn—1 N 1)~
Yy qo q1° - Gn—2 Gn—1 Y.

This is a path connecting ¢ to 7' and completely contained in )\([7) N L

since this construction holds for every point §’ we have proved that A(U)\ L

is path-connected, so claim (¢) is proved.

Using together claim (a) and (c), we get that there exists a unique h € H

such that for every point §j in C = XNU) ~\ L we have h(g) = u(A71(7)).

(d) We claim that the element h € H we found previously is such that (2.6)
holds also for every point Z € L.

In order to prove that, let us fix any point Z € L and let B be an open
neighborhood of Z where we can apply the linearization lemma. After the
usual change of coordinates o we can work in a open set B’ with o(2) coin-
ciding with the origin and with ¢(BN L) =: L’ coinciding with a finite union

of linear proper subspaces of C", intersecated with B’.

Now B’ is an open neighborhood of the origin, so there exists an open
ball B” C B’ centered in the origin and we know that the set of points with
trivial stabilizer is dense, so there exists ¢ in B” ~ L'; since L’ is a union of
linear subspaces, then all the segment connecting ¢ to the origin is contained
in B” . L'. If we apply to this path the continuous map o' we get a path
connecting 0~ *(¢) € C' with Z € L and which intersects L only in Z. Hence,
we can argue as before using continuity in order to prove that also for all the

points Z in L we have:

h(Z) = n(A71(2)). (2:8)

Clearly, for the points of L there can be also other elements of H which
make (2.8) true, but the element A that we found before is the only one that
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works also for all the points of C'.

Hence using together (a), (¢) and (d) we have proved that there exists a
unique h € H such that (2.8) is true for all the points of A(U) and this is

equivalent to the statement, so we are done. O

Remark 2.4. Note that claim (c) of the previuos construction is true only
if we work in the complex case; in the real case (i.e. when the sets of the
form U are open sets of R™) the sets C! can reach the real dimension n — 1,
i.e. they can have codimension 1 (this is the case, for example, of reflexions
around an hyperplane of R”, which are not allowed in the complex case if we
want to preserve complex linearity).

In this case L can disconnect the set )\((7), S0 it is necessary to consider
what happens when we pass from one connected component to another. The
basic step is the one when the two connected components we are interested in
are “separated” by L; this is described in the appendix of [MP], proposition
Al

As a consequence of lemma 2.1.7 we can prove the following:

Corollary 2.1.8. Any embedding ) : (U,G,7) — (V,H,¢) induces an in-
jective group homomorphism A : G — H such that:

Aog=A(g)oX VgeQq.

Proof. (JALRJ, section 1.1) Let us fix any g € G and let us consider the map
[ = Ao g. Since g is a holomorphic automorphism of (7, we get that p is a
holomorphic embedding U — \7; moreover, /4 is an embedding between the
uniformizing systems (U, G, 7) and (U, H, ¢); indeed:

pou=(poNog=mog=m,
where the last passage follows from the fact that 7 is G-invariant by

definition of uniformizing system. If we apply the previuos lemma to the
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pair (A, p), we find that there exists a unique h € H s.t. Ao g = ho \; then

we define the set map:

A:G—H

that to every g € G associates the corresponding unique h € H just
defined. Now for any pair (g1, g2) of automorphisms of G we get that:

Algioga)o A= Ao (g10g2) = Alg1) o (Ao ga) = Alg1) o A(ga2) o A;

hence, using the uniqueness part of the previous lemma, we get that

A(g1 0 g2) = A(g1) o Ag2),

ie. A is a group homomorphisms. Let us prove that it is injective:
since A is a group homomorphism, it suffices to prove that if A(g) = idy
then g = idg, but this is immediate using again the uniqueness part of the

lemma. O

Remark 2.5. When we don’t assume that the orbifolds are reduced, we have

to define an embedding from (U, G.7) to (V, H, ¢) as a pair (A, A) where:
e \:U — Visan holomorphic embedding such that ¢ o A = m;

e A : G — H is an injective group homomorphism, such that for all

g € G we have Ao g = A(g) o \.

The first condition is just definition 2.3 and in the previuos corollary we
have proved that the second condition is not necessary, but this is true only
if we use reduced orbifolds because lemma 2.1.7 only applies in this case.
Indeed, the proof of the lemma consists in definig a unique element h in H
such that (2.8) is true, but this is an identity between holomorphic functions;
so if the map 1 defined in remark 2.1 is not injective, the existence part of

the lemma is still true, but in general we can’t prove uniqueness, so also the
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corollary is no more true.

In this work we will only use reduced orbifolds, so we don’t bother about

this problem.

Corollary 2.1.9. Let us suppose we have an embedding \ : ((7, G,m) —
(V,H, ¢) and we have chosen a point T € U such that ANZ) =: § has trivial

stabilizer. Then also T has trivial stabilizer.

Proof. Let us fix g € G;z: by applying the induced group homomorphism we
get that:

Ag)(H) = Mg) o A(T) = Ao g(T) = A7) = ¢

so we have that A(g) € Hy, which is trivial by hypothesis, i.e. A(g) = 1,
so g = 1 since in the previuos corollary we have also proved that A is

injective. So the only element in the stabilizer at x is the identity. ]

Lemma 2.1.10. Let \ : (U,G,7) — (V,H,¢) be an embedding and let

he H. If ( ANU)NMNU) # @, then h(AU)) = AU) and h belongs to the

image of the induced injective group homomorphism A : G — H.

Proof. (|MP], appendix, lemma A.2, with some changes) Let us consider the
open set A(A(U)) N A(U), which is non-empty by hypothesis. Now we re-
call that the set of points with trivial stabilizer is dense in V (see lemma
2.1.5) and is an open set (see lemma 2.1.6), so there exists an open set
A C h(AU)) N A(U) which contains only points with trivial stabilizer. This
set is open in 17, hence it is also open in C"; since a basis for the topology of
C™ is given by open balls, without loss of generality we can assume that A

is an open ball centered in a point ¥’ = \(Z).

Moreover, since this point belongs also to h(A(U)), we get that there
exists a point §' = A(g) such that h(g') = &’; this point is unique since h is
invertible. Now by definition of embedding we have that:
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m(Z) = o MZ) = ¢(T') = g o h(§') = ¢(§) = ¢ o A(F) = 7(7).

Hence there exists an element g € G such that £ = g(g); now let us

consider the injective group homomorphism A : G — H induced by A:

AM9)(7) = Mg)(A©G)) = (Ao g)(9) = A(&) = T

so we have proved that g € G is such that:

Alg)oh™ (@) =7 (2.9)

This element is also unique; indeed, let us suppose that there exists an-
other element ¢’ € G such that A(g') o h™1(Z') = Z’. Then we have that:

so (A(g"))"' o A(g) belongs to the stabilizer of h~1(z) with respect to the

group H. But this stabilizer is trivial since the stabilizer at 7’ is so. Hence:

Mg og) =Alg") " o A(g) = idy

Since A is injective by corollary 2.1.8, so we get that ¢'~' o g = id so
g = g. Hence we have proved that ¢ is the unique element of G such that
(2.9) holds.

The element g depends on A, on h and on Z (or Z’ equivalently, since A is
injective). In all this proof the first two are fixed, so we can consider g = ¢°.
Clearly all this construction holds not only for the center Z of the ball A, but

also for every other point in it, since A C h(A(U)) N A(U) and contains only

points with trivial stabilizer. So we can define a function:

f:A-=G
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that to every element Z' = \(Z) associates the corresponding unique ele-

ment g° € G such that:

Mgy oh™\(Z) = 7.

Now let us proceed as in the proof of lemma 2.1.7 in order to prove that
actually the map f is constant; so for any point Z’ in A let us choose any
path 7 connecting &’ with Z’ (for example, let us choose the oriented segment

between them) and let us prove that f is constant on this path.

We claim that f(~(t)) is equal to f(Z') = f(~(0)) for all t € [0, 1[. If this
is true, then let us choose any sequence t,, € [0, 1] with ¢,, — 1 and let us call

v(tn) =: T, = A(Z,); by continuity we get that:

n—oo

= lim A(gi) o h_l(i‘;) = A(gj) o h_l( lim 7)) =

n—oo n—oo
— Alg) o h ().
Since g7 is unique, we get that ¢ = ¢%, hence we have proved that f is
constant on A, so let us call ¢ € G the constant value of this function. We

omit the proof of the claim, which is analogous to the proof of claim (b) in

the previuos lemma.

So until now we have proved that there exists a unique g € G such that

for every point zZ’ € A we have:

A(g)oh™'(z) =7

i.e. A(g)oh™! coincides with the identity on the open set A C V. Since
we are working with holomorphic functions, this is true for the whole \7,

hence we have that there exists a unique g € G such that:

A(g) = h.
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Moreover,

h(NU)) = A(g) o A(U) = Ao g(U) = \(U)

where the last passage follows from the fact that ¢ € G is an automor-
phism of U by definition of G. O

Definition 2.4. A (reduced) orbifold atlas of dimension n on a paracom-
pact and second countable Hausdorff topological space X is a family U =
{(U;, Gi, m:) }ier of (reduced) uniformizing systems (with all the U;’s open in
the same C") such that:

(1)
U Wz(ﬁz) =X;
(Ui,Gi,mi)eld
(i) if (U;, Gy, m), (fjj,Gj,Wj) € U are uniformizing systems for U; and U;
respectively, then for every point € U;NU; there exists an open neigh-
borhood Uy, C U;NU; of x in X, a uniformizing system (ﬁk, Gr,mr) €U
for Uy and embeddings:

Aki (77

~ Anj o
(UiaGiyﬂi) — (Ukaka,/Tk) _k) (Uj7Gj77Tj)‘

To be more precise, an orbifold atlas is the datum of a family U of uni-
formizing systems that satisfies (i) and (ii), together with the family of all
possible embeddings between charts of U, but with a little abuse of notation
we will always write U = {(172, G, ;) bier to denote both the family of uni-

formizing systems and the family of embeddings.

In the following pages, for every uniformizing system ([71, Gi,m) €U we

will denote with U; the open set m;(U;) C X.

Remark 2.6. The most important reason for such a definition will be clear in
the proof of proposition 2.1.13, where we will show that we can give to every

quotient of a manifold (by a finite group of holomorphic automorphisms) a
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natural structure of orbifold, while in general we can’t give to it a structure
of manifold. This is also one of the most important reasons for the study of

orbifold theory in differentiable geometry.

Remark 2.7. Let x € U; N U; and let ((7;“ Gy, ) be as in the previuos defi-
nition. Since T : 171 — U; is surjective, there exists at least a point z; € 171
such that x = m;(Z;). In the same way, there exists a point &) € Uy such
that © = mp(71) = m (M (21)). Hence we get that m;(%;) = m(M\i(Zx)), so by
definition of uniformizing system we get that there exists a (not necessarily

unique) g € G; such that (g o A\g;)(Zx) = Z;.

Now g o \; is again an embedding from (ﬁk,Gk,m) to (Ui,Gl-,m), SO
whenever we apply the previous definition and we have fixed z; such that
mi(Z;) = x, by substituting g o A\g; to Ag; there is no loss of generality in
assuming that we have chosen a point 7, € ﬁk such that A\;(Zx) = Z;. Using
the same argument, we can also assume that if we have chosen also a point

i‘j S Uj, we have /\kg(c%k) = i’j.

In other words, every time we have two uniformizing systems ((72, Gi, ;)
and (ﬁj,Gj,ﬂ'j) for 2 open neighborhoods U; and U; for x without loss of

generality we can assume we are wn the following situation:

Z; Tt X
m m
~ ki ~ Akj ~
Ui Uy Uj
5 m Tk % 5
U, > Uy U]
Y
X

Remark 2.8. Let us fix any point x € X, let ((Z,Gi,m) be a uniformizing

system for an open neighborhood U; for x and let us fix any point z; € U;
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such that m;(Z;) = x. Let us suppose we have chosen also another uniformi-
zing system (ﬁj, Gj,m;) and a point Z; with the same properties.

Then by definition of atlas there exists a third uniformizing system (ﬁk, G, k)
in U together with embeddings Ag;, A\x; in the previuos two. Moreover, using
remark 2.7, we can assume that there exists a point 7, € ﬁk such that

Now using lemma 2.1.8 we get injective group homomorphisms:

Aki . Gk — Gz and Akj : Gk — Gj.

By construction, for every g € (Gj)z, we have:

Aii(9)(Zi) = (Aki(g) © M) (T) = (Awi © 9)(Tk) = Mi(Tr) = T4

hence Ai(g) € (Gi)z,; in the same way we get that Ay;(g) € (G;);, for any
g € (Gi)z,- In other words, we can induce injective group homomorphisms,

again called with the same notations:

Aki - (Gr)z, — (Gi)z, and Ay 2 (Gi)s, — (G-
Moreover, using lemma 2.1.10 we get that these group homomorphisms

are also onto, so we get the group isomorphisms:

(Gi)z, = (Gr)a, = (G))s,-
Hence we can give the following definition:

Definition 2.5. Whenever we fix an orbifold atlas &/ on a space X, the local
group of a point x € X is any of the isotropy subgroups for some preimage &
of x in any uniformizing system for an open neighborhood of x. The previuos

discussion proves that the local group at x is well defined up to isomorphisms.

In particular, it makes sense to check if a local group is trivial or not,

since this notion is invariant under group isomorphisms.
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Note that in particular this holds in the case when we have chosen the
same uniformizing system (i.e. in the case when ¢ = j), but different pre-

images for x.

We will see in remark 2.14 that the notion of local group depends only
on the orbifold structure, i.e. on the equivalence class of orbifold atlases that

we will describe in section 4.

Our aim now is to prove that every manifold can be considered as an
orbifold. For us a manifold will be a class of compatible manifold atlases on
a paracompact and second countable Hausdorff topological space M. The
standard definition of manifold atlas says that this is a collection of pairs
(Ui, ¢;) where the U;’s are open sets of M and the ¢;’s are the coordinates
functions from them to open sets of C™ such that the transition maps on the

intersections of two open sets U; and U; are biholomorphic.

In general, it is not possible to associate to a manifold atlas an orbifold
atlas on the same topological space: the most important problem that arises
is the fact that in the definition of orbifold we require that every chart is
connected, while this condition does not appear in the standard definition of
manifold. In order to solve this problem, let us give the following definition,

which is not standard in literature, but will be very useful in the next pages:

Definition 2.6. A manifold altas M = {(U;, ¢;) }ier is said to be admissible

if the following two conditions hold:
(i) every domain U; is connected;

(i) for every pair of indexes i,j € I such that U; N U; # @ and for every
point x in this intersection, there exists an index k£ € [ such that z € Uy
and Uk Q UZ N Uj.

Lemma 2.1.11. For every manifold atlas M on a space M there exists an
admissible atlas M which refines M (and so is compatible with it).
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Proof. Let us consider the atlas M’ defined in the following way: for every
index ¢ € I we consider the set U; as the disjoint union of its connected
components {U;;};e; (where the set of indexes J depends on 7); then for
every j € J we define the chart (U;;, ¢;;) where ¢;; is just the restriction of

¢; to U;; and we consider the family:

M = {(Usj, ¢pij) Yierjes-

By construction every chart of this family is compatible with all the charts
of M; moreover, since for every ¢ € I we have that U; = U;c;U;;, the union of
the domains of the charts of M’ covers M. So M’ is an atlas compatible with
M. Moreover, this new atlas refines the previous one because the domain
of every chart of it is contained in the domain of at least one chart of the
previuos one and the transition maps between the domains of the form Uj;
and the domains of the form U; are just restrictions of the transition maps

of the atlas M, so they are again biholomorphic.

Now let us define the class:

F := {all the orbifold atlases for the manifold M
which refine M’and such that they satisfy condition (i)}

i.e. all the atlases which refine M’ and such that the domain of all their
charts are connected. This class is non-empty; indeed it contains at least the
atlas M.

Now on F we can define the following relation: M; =< M iff the following

condition holds:

(A) M, contains all the charts of the form (Cynyr, ¢|c,,,,,) for all the choices
of pairs of charts (U, ¢), (U’,¢') in M; and for all the connected com-
ponents Cyny of UNU’ (if any).
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In particular, if in (A) we choose (U, ¢) = (U’, ¢'), we get that UNU’ = U,
which is connected (since M belongs to F), so the chart (Cyny, ¢|c,,,,,) 18

just equal to the chart (U, ¢), so condition (A) implies:
(B) My contains M.

Now we claim that < is actually a relation of order on F; indeed:

o reflexivity follows again from the fact that the charts (U, ¢) of any

manifold atlas on F have all connected domain;

e let M; < My and also M < M. Then by applying (B) we get that
M € M; and My C My, so the two coincide. Hence anti-simmetry

is proved;

e let M; X My < Mj3. Then using (B) for the first relation and (A) for
the second one, we get that M; <X Mg, hence transitivity holds.

Now let us prove that every chain in F has an upper bound, so let us fix
any chain {M,};c; C F where I is an ordered set such that if i < j, then
M; = M;. In order to find an upper bound, let us define: A = {(V,,%4) }aca
as the family of all the charts in all the families M; and let B be the family
of all connected components of intersections of pairs of charts in A. To be

more precise,

B :={(Cv, v, Yab) tapca

where for every pair of charts (V,,1,), (V4, ¢s) in A we denote with Cy, v,
any of the connected components of V, NV}, and v, is the restriction of ¢,

to this set.

By construction, we have that B belongs to F. Indeed all the domains
of its charts are connected by construction; moreover let us fix any chart
(Cv,viy» Yap) in B and let us suppose that (V;,1,) € M; and (Vi,¢y) € M;.
By hypothesis M; € F, hence the domain V, is contained in the domain of
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a chart (V&) of M’ and the transition map £ o+, ! is biholomorphic. Hence

also the transition map:

foqvbab : wa(vam%) - E(V;Lﬂ%)

is holomorphic. Since this holds for every chart (Vgp,1a) € B, we have
proved that B refines M’. Hence B belongs to the class F; moreover, by
construction it is clear thatM; =< B for every i € I.

Hence we can apply Zorn’s lemma in order to prove that there exists in
F a maximal element M with respect to <. In particular, (A) implies that
for every pair of charts of M their “intersection” is again a chart of the atlas,
so request (ii) is satisfied. Request (i) is a direct consequence of the fact that
M belongs to JF; hence M is an admissible atlas. Moreover, it belongs to

F, so it refines M’, which refines M, so the statement is proved. n
Now we are ready to state and prove the following proposition:

Proposition 2.1.12. Let us fix a second countable paracompact Hausdorff
topological space M. Then to every admissible manifold atlas M on M we

can associate an orbifold atlas M on the same topological space.

Proof. Let us suppose that M := {(U;, ¢;) }ier; then for every index i € I we
define the orbifold chart:

(U, Giymi) = (3(Us), {idg }, 67 (2.10)

By hypothesis M is admissible, so property (i) of uniformizing systems
holds, i.e. for every i € I, U; is open and connected. Moreover, ¢; is an
homeomorphism by definition of manifold atlas, so U, is an open and non-
empty connected set of C"; moreover, G; = {id } is a group of holomorphic
automorphisms on ﬁz and m; = ¢; ! is continuous and G;-invariant. In addi-

tion, we have that (71/6’2 is homeomorphic to [71-, which is homeomorphic to
Ui via (b;l
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So also the axiom (ii) of definition 2.1 is satisfied; hence for every i € [
the triple (2.10) defines a reduced uniformizing system for the open set U; of

M. Now we want to prove that:

M= {(ﬁu Gi, i) Yier
is an orbifold atlas on M. By definition of manifold, the union of the U;
covers M and by definition of 17@ we have that 771([71) = ¢; 0 ¢i(U;) = U, so

axiom (i) of definition 2.4 is satisfied.

Let us prove that also axiom (ii) holds, so let us suppose that for some
pair of indexes 7, j € I we have that U;NU; # @ in M and let us fix a point
x in the intersection of them. Now by property (ii) of admissible atlases,
there exists an index k € I and a chart (U, ¢) € M such that x € Uy and
Uw C U;NUj. Since M is a manifold altas, we have that this last chart is

compatible with (U;, ¢;), so the transition map:

gio¢n : du(Up) — ¢:(Uy)

is a biholormorphism. Hence, if we define:

Aki = @'0(@1 Uy — U

we have that this map is a complex embedding between open sets of C™.
Moreover, since the groups G and G; are both trivial, this map is equivariant,
so it is an embedding from (ﬁk, Gy, ) to ((7@, G, ;) in the sense of definition
2.3. In the same way we can define an embedding \;; from (ﬁk,Gk,m) to
(fjj7 G}, m;), so axiom (ii) of definition 2.4 is satisfied. Hence M is an orbifold
atlas. ]

Note that the previous construction does not hold for a general atlas, but

only for admissible ones.

Remark 2.9. Note that the previuos lemma does not give the uniqueness of

M because it uses Zorn’s lemma. So we are interested in what happens
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when we choose different admissible atlases (either because we fix different
atlases and then we apply proposition 2.1.12, either because we choose a (non
admissible) atlas and lemma 2.1.11 gives us more than one admissible atlas
which refines it. Then using the previous proposition, we associate to every
such atlas an orbifold atlas for M, so the question is: what is the relationship
between the orbifold atlases associated to different (but compatible) admissi-
ble manifold atlases? In order to solve this problem (see proposition 2.5.7
below) we will have to give in orbifold theory a definition analogous to the
one of compatibility between manifold atlases. This new definition, called
equivalence of orbifold atlases, will be the main argument of the last section

of this chapter.

Example 2.1. The non-uniqueness of the admissible atlas can be found
easily in dimension 1. Let us consider the real line R with the euclidean
topology: it has clearly an admissible atlas given by the only chart (R,id);

however, this manifold has also the following admissible atlas:

M = {(]2n, 2n+2[,id) }nezU{(|]2n—1, 2n+1][, id) }nez U{(Jm, m+1], id) } ez

Note that the union of the first two families is already an atlas on R, but
it does not contain the charts on the intersections of two adjacent domains,
which are exactly the charts of the third family. Adding ths family gives us
an admissible manifold atlas because the last charts added don’t intersect
with each other and are completely contained in the charts of the first two

families.

In the introduction of this work we said that orbifolds arise often in
literature as global quotients of manifolds under the action of holomorphic
(or smooth) actions of finite groups. The following proposition proves this
fact.

Proposition 2.1.13. Let M be a manifold atlas on a topological space M
and let G be a finite groups that acts effectively on M as a group of holomor-
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phic automorphisms. Then we can associate to these data an orbifold atlas
A for the global quotient M/G.

Proof. Let M = {(U;, ¢;) }ier; for simplicity, we will denote with capital let-
ters (i.e: P,Q,..) the points of the quotient space M/G and with P, P',-- -,

their pre-images in M. For every index i € I and for every point P in U; we
set P := ¢i(P) € ¢:(U;) =: U, C C.

Moreover, for every P € U; we define the isotropy subgroup G p to be the
subgroup of the automorphisms of G which fix the point P. As in some con-

structions of the previuos propositions, if we consider the finite intersection:

9€Gp
we get that this set is open in M and contains the point P. Moreover, it
is invariant under the action of the isotropy group G5. Now we consider its
image via the coordinate function ¢,;. This is an open set in C" and contains
the point P = ¢;(P). We introduce also the group:

Gp:={giogo Qfl}ge(}p;
by hypothesis the set GGp consists of holomorphic automorphisms of M,
i.e. holomorphic automorphisms if composed with the coordinates functions.
Then the group just defined is made of holomorphic automorphisms of U,.
Moreover, by construction the set ¢;(U;,) is invariant under the action of

this group, which in particular fixes the point P. Lastly, for every open
neighborhood vV C (7@ of a point P we define:

V. p := connected component of ﬂ §(V) which contains P.
_(?6615

By construction this set is open, non-empty (it contains P) and invariant

under the action of the group é]s. Then we can define the triple:
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(va, Gp,mi) (2.11)

)

where m; ;= 7o qb;l\‘;i,ﬁ and 7 : M — M/G is the quotient map. By de-
finition of G5 we have that V, 5/G 5 is homeomorphic to m;(V; 5). Moreover,
one can prove as in the previuous constructions that this last set is open in
M/G, so (2.11) is a uniformizing system for an open neighborhood of P in
M/G. Then we are ready to define the orbifold atlas:

A= {(V, p,Gp,m)}pemsc (2.12)

where for every point P € M /G the family A is indexed over the following

variables:

e P is chosen as one of the preimages of P and the index i € [ is chosen
as one of the indexes such that P € U;. Using the previous notation,
here P = ¢;(P);

e V varies over all the open neighborhoods of P contained in U;.

By construction, the sets m;(V; 5) =: U; p are an open cover of M /G, so
axiom (i) of definition 2.4 is satisfied. Now let us prove also axiom (ii), so

let us fix two uniformizing systems:

(V.p Gpom) and  (V,5,Gg, ;)
in A such that U; p " U; o # @ and let R be a point in the intersection.
Then by definition of 7 there exists a pair of points (not necessarily coincid-
ing) R, R’ such that 7(R) = R = n(R') and such that R := ¢;(R) € \N/ua
and R' = ¢;(R') € Wj@. Moreover, by definition of 7 there exists a (not
necessarily unique) go € G such that go(R') = R, hence the set:
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is open and non-empty (it contains R). Hence its image in XZ p via the
homeomorphism ¢; is an open neighborhood of the point R. If we denote

this set with A, it makes sense to consider the orbifold chart:

(Zi,é, éR, 7TZ'> c .A

This chart comes with a natural embedding A from it into (\N/»Js, Gp, ;)

(2

given by the inclusion of Zz‘,é in 172.7]5. Let us also define the map:

pi=gjogytod A — W,

since g, !'is an holomorphic automorphism of M, then (which is just g, !
in coordinates) is an holomorphic embedding. Moreover, it commutes with

the projection maps m; and 7;, so u represents an embedding of orbifolds:

pi (A g Gromi) = (V5. Ga,mj).

J

Hence we have proved that axiom (ii) of definition 2.4 is satisfied, so A is
an orbifold atlas for the topological space M/G. The only thing we haven’t
yet proved is the fact that the topological space satisfies the definition of
orbifold atlases. In particular, M /G is paracompact and second countable
because it is the quotient of the paracompact and second countable space
M, but it is not obviuos that it is also Hausdorff, so this is the last thing we

have to prove.

In order to do that, let us fix any pair of points P # @ in M /G and let
us call {Py,---, P} and {Qy,--- ,Q;} their preimages in M via the quotient
map 7 : M — M/G. These two sets are both finite (even if in general not
equal), because their cardinality is at most the cardinality of G. Moreover,
since P # @, they have empty intersection. Hence, since M is a manifold
(hence Hausdorff), for every pair of points 151-, ij there exists open disjoint
neighborhoods V;; of P, and Wij of @j. So we can define the finite intersec-

tions:
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V= ﬂ Vij and W;:= ﬂ Wij;
i=1,-,l

j=1,--,1 =1,
and we get that every V; is an open neighborhood of P, which is disjoint
by every W;;, and hence by every W;. In the same way, I¥; is an open
neighborhood of @j which is disjoint by every V;. Hence we have that the

sets:

V= |J Vi and W= | W,
=1,

=1,k
are open disjoint sets; the first one contains all the preimages of P, while

the second one contains every preimage of (). Now we can define the sets:

V= m g(V) and W= ﬂ g(W)

geG geqG

which are both finite intersections of open sets, hence again open. More-
over, a direct check shows that they are both saturated to respect to the
action of the group GG and that the first one contains again all the points
{P,,---, B} and the second one contains again the set {Q1, -+ ,Q;}. More-
over, VQVandWQ W, hence VAW =2.

So the sets 7(V) and W(W) in M/G are open disjoint neighborhoods of
P and @ respectively; hence the topological space M /G is Hausdorff. ]

Remark 2.10. Note that in the special case when G = {id)s} we have obtained
an alternative proof of the fact that every manifold can be considered as
an orbifold. Actually also in this proof we implicitly used the notion of

admissible atlas.

Remark 2.11. The construction of the orbifold atlas A depends strictly on
the choice of the manifold atlas M, so what happens if we obtain an orbifold
atlas A" from the previuos proposition applied to another altas M’ compatible
with M?
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This problem will be solved in the last section of this chapter, proposition
2.5.8.

Example 2.2. Let us fix an integer n and positive integer numbers ag, - - - , a,;
then we define the action of C* = C ~\ {0} on C"™! \ {0} given for every
A € C* by:

A CPE{0} — Ct {0}

(20, y20) — (A", , A™2y)

and we denote with WP(ag, - ,a,) the quotient space C"* < {0}/C*,
called the weighted projective space with weights (ao, - - , a,); its points will

be usually denoted with [zg : - - : z,].

Note that this is not a special case of the previous proposition because
here C* is not finite. In the special case when all the weights are equal, we
obtain the usual complex projective space P™ (in particular, this is obvious
in the case when alle the weights are equal to one); in the general case, we
can’t obtain a manifold structure,but we can adapt the construction of the
charts for the projective space in order to describe an orbifold structure on

this topological space.

Let us call  : C"*' < {0} — WP(ay,- - ,a,) the quotient map and let
X; = {2 # 0} € C"" {0}; this set is clearly open and saturated with
respect to the action of C*, so if we call U; := 7(X;) we get that this set is

open in the weighted projective space.

Now for every ¢+ = 0,--- ,n, let (7, be equal to C" with coordinates
(20, 2, ,2n) and let us define the group G; := {u € C" s.t. u* = 1},
i.e. the group of a;-th roots of unity. This is a finite group that acts on U,
as follows: for every pu € G; and for every point (2, -+, 2, -+, 2z,) in X; we

define the action:
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/’L(ZO7 T 721'7 e 7ZTL) = (:uaOZO? T 7,uanzn>- (213)
Now let us define the inclusion map:

O; U, — C {0}
(ZOa"'azA/ia"'vzn) N (207“‘717"‘271)
and let us set 7; ;== w0 ¢; : [7@ — U;. This map is continuous because it

is the composition of two continuous maps (7 is continuous by definition of

quotient topology); moreover, it is surjective, indeed if we consider any point

of the form [zg : -+ : 2,] € U, then z; # 0, so if we choose A € C* such that
A% = 1/z; we get that this point is also equal to [A%0zp: -+ :1:---: A%z,],
which is equal to m;(A\0zg, -+, 2,0, A% 2,).

Moreover, two points (zg, -« , 2+, 2z,) and (wg, -+ , Wi, -+ ,wy,) in U,

are identified in U; by m; if and only if there exists A € C* such that:

)\<ZO;"'717"';Zn):(w07"'717"'7wn)

i.e. if and only if:

{Aai:u:»AeGi

)\(207"' 72ia"' 7Zn) = (w()v"' 7uA)7la'" 7wn)

where the last equation is just the action of G; on U; as in (2.13). Hence
(Z/Gi is homeomorphic to U; via m;, so we have proved that ((71, G, m;) is
a uniformizing system for the open set U; C WP(ag,- - ,a,). Clearly the
family of all these charts (indexed on i = 0,--- ,n) covers the weighted pro-
jective space, but it is not an orbifold atlas because it does not satisfies

condition (ii) of definition 2.4.

In order to satisfy also this condition, we have to proceed in this way:

first of all, for every pair of indexes i # j € {0,--- ,n} we set:
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and we define the function ¢;; : ﬁij — (7]-1- as:

~ 20 1 A Zn
¢ij<207"'7Zi7"'7zj7"'7zn> = W7...7W...’Zj’...’m

J J J

1/a;
where here zj/ J

is chosen to be any of the a;-th roots of z; (here we
assume that ¢ < 7, if not we have to permute the coordinate expression of
¢i;). This map is clearly holomorphic because on fjij the coordinate z; is
everywhere different from zero. Moreover, this function is invertible with
holomorphic inverse given by ¢;;, which has the same formal expression of

¢i; except for the order of the coordinates:

7 i %

~ 20 A 1 Zn,
¢ji(zoa"'7zi7"'7Zj7"'azn): W?"'a%a"'?ﬁf"a anjai |
This function is again holomorphic and it is a direct check to prove that
it is the inverse of ¢;;. Hence we have proved that for every ¢ # j (and not

only ¢ < j) the function ¢;; is biholomorphic and that gbi_jl = ¢j;.

Now let us fix any point z := [z, : -+ : z,] and let us choose an index
i =0,---,nsuch that z € U; (in general, this index is not unique). In other
words, we choose i such that z; # 0, so without loss of generality z; = 1 and
let us choose a fixed “representant” Z := (2, -+ , 2, -+ , zn) € U; for it. Then
let G ; be its stabilizer subgroup with respect to the action of the group G;.
Then for every open neighborhood V of this point in U; we define:

Vi z = connected component of ﬂ g(V') which contains Z.
9€Gi 3

As usual, this set is an open neighborhood of Z and it is invariant under

the action of the group G, ;. It is easy to prove that the triple ("71"5, Giz,m)
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(where here ; is the restriction of ; to ‘7”) is a uniformizing system for the

open set m;(V;z) C WP(ag, - - ,ayp).

Now we define the familiy:

A= {(‘2,27 Gi,2> 7TZ>}
indexed over:

e all the points z € WP(ag, - ,a,); for any such point, we choose one

index ¢ and one point zZ € 171 as described before;

e all the open neighborhoods V of Z in 171-; for every such neighborhood

Vi z is constructed as before.

This family clearly satisfies axiom (i), so let us prove only axiom (ii) of

definition 2.4; so let us fix two orbifold charts:

(‘Z,&Gi,éyﬂi> and (‘Z‘,ﬁnGj,u”nﬂj)

such that A := m(‘zz) N W](‘Zw) # & in the weighted projective space
and let us fix a point © = [zg : -+ : x,] in this intersection. By definition
of the family A for the point = we have chosen an index k& € {0,--- ,n}
and a point & € Uy such that m,(Z) = z. Then the set B := 1 (A)
is an open neighborhood of Z in ﬁk, so the family A contains an orbifold
chart of the form (Ekx, Gz, Tr). By construction EM is an open connected
neighborhood of & completely contained in ﬁk, so it makes sense to define

the set maps:

A= ¢uilp, . Bra — Viz and  pi= g, Bres — Vig

which are holomorphic embeddings because restrictions (in domain) of
biholomorphic maps. Moreover, these maps commute with the projection

maps, i.e. the following diagrams are commutative:
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Bz ‘ Vi Bz . Via
Tk m T Tk m 5
me(Brz) — m(Viz) 1e(Brz) — m;(Vja)-

Let us prove this fact only for the first diagram, the second one is ana-

logous; without loss of generality, let us suppose that k£ < ¢ and let us fix a

point (2o, -+, 2k, -+, %, - ,2n) in By z. Then:
71—]{(20""7Zk>"'azia"'7zn>:[20:"':1"':21‘:"':271] (214)
and
~ 20 1 ~ Zn
¢ki(207"'72k7"'7Zi7"'7zn): ao/ai"”’ ak/ai"“7zi"”’ an/a;
Z Z Z
SO:
~ 20 1 Zn
T:0 . e e e — Ceea :...:1:...:
7 (bkz(ZO; ) Pk y Zis wzn) ao/a; an/a; an/a;
i Z Z

(2.15)
Now if we choose A = zil/a" € C* we get that (2.14) is equal to (2.15), so
the first diagram commutes. In the same way one can prove that also the

second diagram commutes, hence A and p are embeddings in the sense of
orbifolds:

(‘Z‘,w;Gj,w,Wj) e (Ek,iz,Gk,iﬂTk) A (‘7@;;, Gi,iaﬂ-i)'

So we have proved that the weighted projective space WP(ay, - - - , a,) has
a natural structure of orbifold atlas. One can easily see that this structure

just reduces to the manifold structure on the complex projective space CP"
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in the case when all the weights are equal to 1.

A special case of weighted projective space is the teardrop orbifold WP(1,2).
This is the most simple case of a manifold (in this case the 2-sphere) with

only a “labelled” point; for the details, see for example [LU2|, example 2.2.

Example 2.3. FElliptic curves are probably the first known example of or-
bifold. For a discussion about these objects, see for example [K]| or [Si]; for
our purposes here we can use the following standard description of these ob-
jects: the classification of elliptic curves can be completely reduced to the
classification of the set of “parameters” A\ € H where H is the Poincaré half

complex plane:

H:= {\ € Cs.t. Im(\) > 0}.

Two different parameters A\, \’ describe the same curve if and only if there

exists a matrix A € SLy(Z) that takes A to X', where if we fix a matrix:

(Z Z) € SLy(7)

we define its action on A\ € H as:

a b )\__a)\—l—b
c d _C)\+d

So it is natural to consider the quotient space H/SLs(Z). Here the group

of holomorphic automorphisms SLy(Z) on H is not finite, so again we can’t
apply directly proposition 2.5.8. However, one can easily see that a funda-

mental domain of this action is the following:
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170777777777
7077777777777

P
¢ - —————-—-—-=
\
Sy
N
N
NN
N

L
|
N
=)
N & - —— - — - — - - - —
—

In other words, this set is defined by the following two conditions:
. —% <AL %;

IA| > 1 if Re(A) <0
Al >1 if Re(A) >0
One can easily see that this set contains no equivalent points. Moreover,
the stabilizers of every point are trivial except for the points labeled with
A and B. The first one is fixed by a cyclic group of order 4 (this point
corresponds to the square lattice), while the second one is fixed by a cyclic
group of order 6 (this corresponds to the hexagonal lattice). For more details,
see for example [HC|, [K] and [Si].

2.2 Local liftings and compatible systems

Now our aim is to make orbifolds into a category, i.e. we want to define
what a morphism between orbifolds is. In order to have such a morphism we
have first of all to define a continuous map between the underlying topolo-

gical spaces, but differently from the case of morphisms between manifolds,
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this will not be sufficent in general. The idea to keep in mind in the following
definitions is that a morphism between orbifolds is essentially a continuous
function which can be locally lifted to a holomorphic function between uni-

formizing systems in source and target.

First of all, let us consider any fixed orbifold atlas U = {(U;, Gy, ) Yier

on X. Such an atlas can be considered as a category as follows:

2 — objects: uniformizing systems (171, G, m;)
morphisms: embeddings \;; : ((71, G;,m) — ((73-, G, ;)

with identity morphisms 15 for any uniformizing system (ﬁz, G, m;) and
composition defined in the obvious way. Note that in order to have an atlas
we have to add some additional properties on the category U as in definition

(2.1). Then we are ready to give the following:

Definition 2.7. Let &/ and V be atlases for X and Y respectively and let
U C X and V C Y be open sets with uniformizing systems (ﬁ,G,ﬂ) ceu
and (\7, H,¢) € V respectively. Let f : U — V be a continuous function;
then a lifting of f from (U,G, ) to (I7,H, ¢) is a holomorphic function
~L~,7‘~/ : U — V such that:

¢pofpy=1for (2.16)

Definition 2.8. Let U = {(U;, Gy, m)}ier and V = {(V}, H;, ¢;)}jes be
atlases (not necessarily of the same dimension) for X and Y respectively
and let f : X — Y be a continuous function between topological spaces.

Then a compatible system for f is the datum of:

(1) a functor f : U — V between the associated categories such that if we
call (\Z,Hi, ¢;) € V the image of any element ([Z,Gi,m) e U via f, we
have f(%(&)) < ¢z(‘2)7
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(2) a collection {fﬁi,\z}(ﬁi,Gim)eu where for any (171, G;,m;) € U we have that
f :U; — f(U;) €V from

(@';Giﬂﬂ') €U to (‘Z’;Hz'a(bz’) €V

such that the following condition holds: for every embedding \;; : ([72, Gi,m;) —
(ﬁj,Gj,Wj) in U, we have:

fﬁj@ © >\ij = f()\ij) © f(}i,ffi (2-17)

i.e. we are in the following situation:

Ui V;

}\

NN

where all the faces of the cube are commutative; indeed:

the lower face is commutative because we are just restricting the func-

tion f from U; to Uj;

the left and right sides are commutative by definition of embedding in

U and V respectively;

the front and back sides are both commutatives because of (2.16);

the top side is commutative because of (2.17).
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With a little abuse of notation, we will always write f : U — V to denote
a compatible system for f, i.e. with f we will usually mean not only the func-

tor which satisfies (1), but also the collection of local liftings described in (2).

Definition 2.9. (composition of compatible systems) Now let us consider 3
fixed orbifolds atlases U, V, W for X, Y and Z respectively, together with
2 continuous functions f : X — Y, g : Y — Z and compatible systems
f:U—Vand §:V — W. For every uniformizing system ((71, G, m) €U,

let us call:

(‘Z’,Hiaqﬁi) = f(ﬁiaGi;Wi> and (WiaKi7£i> = §(‘7§,Hi>¢i)~

Then we define the compatible system g o f as the functor go f U — W
together with the collection of liftings:

{@° Do, = w3, o)

for the continuous map go f.

(Us,Giymi) €U

Let us prove that actually this is a compatible system for g o f: for any
embedding \;; : (U;, Gy, ;) — ((7]-, G, ;) we have the following commutative

diagram:

~ fov < Wiw  ~
(UiuGiaﬂ-i) (‘/’L7H17¢’L> (‘/I/iyKiagl)
Aij Y f()\,]) 5% é(f@w))
(UijjﬂTj) . (‘/javaqu) P (Wj7Kj gj);
U;,V; ng-Wj

so condition (2.17) holds. Hence we have actually defined a compatible

system for go f.
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2.3 Natural transformations between compati-

ble systems

The following definition is a slight change of definition 1.3.6 in [Pe|, which

I think was too much restrictive for our purposes.

Definition 2.10. Let us fix atlases ¢ and V for X and Y respectively and
let fi,fo : U — V be compatible systems for the same continuous map
f: X — Y. For simplicity, for every uniformizing system (U;, Gi,m) €U

and for every embedding \;;, let us call:

K

(V" H 67") = fonlUs, Giymi) for m = 1,2
and A = fm()\ij) for m=1,2.

Then a natural transformation of compatible systems from fl to fg is the

datum of a family:

s (vl gl o4l 72 172 42
{5Ui - 5(Uini77Ti) (Vi Hyy60) — (Vi Y gbi)}(@,ci,m)eu

of embeddings in V), such that:
(i) for every ((Z,Gi,m) € U we have:

(fg)a_@z = 5@ o (fl)(?i,f/il;

(ii) for every embedding )\;; in U the following diagram of embeddings in

V is commutative:

- o5, -
(%17H1‘17¢11) (‘/;QangqS?)
Aij ~ X
(V) 1), 6)) ——— (V2. H}.63).

g (2.18)
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Whenever we have a natural transformation ¢ between compatible sys-

tems from f; to fo, we will denote it as d : f; = fo.

Remark 2.12. 1f we ignore the additional properties of the compatible systems
f1 and f, and we consider them just as functors, we get that condition (ii)
is just the description of a natural transformation from the functor f; to the

functor f, as already given in definition 1.7.

Remark 2.13. Let us consider the following diagram:

55,
m
(‘ZlaHilv(bzl) = (ﬁivGivﬂ-Z’) (‘7127[{37(;512)
I)Ul vl 2)g,,v2
)\}j % )‘ij % )\%j
SR (Mg vio (f2)5 72 T
(V;'ijyqu) (Ujanaﬂ'j) (V;ijagbj)
W
O

where the two squares are commutative because of (2.17) applied to fl
and fg respectively, and the upper and lower parts are commutative because
of part (i) of the previuos definition (applied to U; and (NJj respectively).
We would like to deduce from this diagram that also the external one is
commutative, i.e. property (ii) of the previous definition. However, we can

just say that:

NG00, 0 (Mg = Ay o (f)g, e =

= (f2)g, p2 0 Ay = 0p, © (fl)ﬁj,f/; o Aij =

- (5@_ o )\le o (fl)[ji"';il;
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hence we can only deduce that \}; 005 = o7, © Aj; on the set (fl)ﬁi,f/-l (U;).
So if this set contains an open ball, we get that (ii) is verified using tlr;e fact
that both A, 0 95 and dg;, © Ai; are holomorphic. When this condition is not
satisfied (for example, when the underlying continuous map f identifies all

the space to a single point), we have that condition (ii) is not overabundant.

Definition 2.11. Let us take orbifold atlases ¢/ for X and V for Y, a con-
tinuous map f : X — Y, 3 compatible systems f,, : U — V for m = 1,2,3
and natural transformations 6 : fi = f» and o : fo = f3. Then let us define
the wvertical composition o ® 9 : fl = fg as follows: for any ((7,, Gi,m) €U

we set:

(0 ©d)g, = op, g

which is clearly an embedding in V between the images of (&i,Gi,ﬂ'i)
via f; and f3 respectively. Moreover, we want to prove that o ® ¢ is again
a natural transformation, hence we have to prove conditions (i) and (ii) of
definition 2.10; if we use the same notations of definition 2.10 (for m = 1,2, 3),

we have that:
(i) for any (U;, Gy, m;) € U we get:

(f3)[7i,x7i3 =0y, ° (fQ)ﬁi@? =0g,° 5 (f )U“vl

(i) for any embedding \;; in U we have the commutative diagram:

(V2 L 61) 2 (T2, 12, 02) 2 (77, 17, )

3 (2

Al N A2 Iy A

(V2 HZ,62) — (V2 HE, ¢2) — <v3 H3,6%).

J
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Hence ¢ ® § is a natural transformation from f, to fs.

Note that, using remark 2.12, (ii) actually comes from the fact that the
vertical composition of natural tranformations between functors is again a

natural tranformation, as described in §1.2.

Definition 2.12. Let U, V, WV be ordifold atlases for X, Y and Z respectively;
let fm and g,, be compatible systems for f: X — Y and g: Y — Z respec-
tively, for m = 1,2. Moreover, assume that we have natural transformations

§:fi = foand 1 : g1 = g2. Then we define a horizontal composition:

nxd:(g1ofi) = (G20 fo)

as follows: for any ((71, G;,m;) € U we set:

(n*0)g, == ny2 © 1(0g,)-

By construction, we have that actually this is an embedding from g; o
fl(ﬁi, G, m;) to g o fg(ﬁi, G, m;). Then we want to prove that actually n
is a natural transformation from §; o fi to g2 o fo. In order to do that, let us
define:

(WZ"”,K?",S{”") ‘= gp © fm(a, G;,m) for m,n=1,2.
With this notation, we get that:

(i) for any uniformizing system (U;, G, m;) € U we have:

(g2 0 fQ)ﬁi7W1_22 = (LZ]Q)‘ZQ,W?Q o (fg)ﬁiy? =
= 77‘72_2 o (?]1)‘7?’Wi21 o (Sf,i o (f1)6i7‘7i1 =

= 77‘71_2 ¢) §~]1 ((5[71) e} (f]l)‘z17ﬁi11 o) (];1)(71_"21 =

= (1% 8)g, ° (310 f1)g, 7
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(i) moreover, for every embedding \;; in U we get the commutative dia-

gram:
_ 91(93,) _ 572 N
(W»ll Kll 511) <W21 K21 521) (W22 K22 522)
grofi(Nij) % g1of2(Nij) Ny G20f2(Nij)
71l g1l 11 721 121 21 1722 1722 ¢22
(VV] 7Kj 75]‘ ) §1(5z7j) (W] 7Kj agj ) 77‘7]2 (VVJ 7Kj 75]‘ )

where the first square is just obtained by applying the functor §; to
(2.18) and the second one comes directly from the fact that n is a

natural tranformation from §; to g, and fo()\;;) is an embedding in V.

Hence we have proved that 7 % is a natural transformation from §; o f;
to go o fo. As before, part (ii) corresponds to the fact that a horizontal
composition of natural transformations is again a natural transformation if

we work in (Cat).

2.4 The 2-category (Pre-Orb)

As described in the introduction, the first aim of this thesis is to con-
struct a 2-category, where the objects are orbifold atlases, the morphisms
are compatible systems and the 2-morphisms are natural transformations
between compatible systems. We have already defined the composition o on
the level of morphisms and the vertical and horizontal compositions ® and
on the level of 2-morphisms, hence it suffices only to verify the axioms given

in chapter 1.

Proposition 2.4.1. The definitions of orbifold atlases, compatible systems,
natural transformations and compositions o, ®, * give rise to a 2-category,

that we will denote with (Pre-Orb).
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Proof. First of all, let us fix any pair of objects (i.e. orbifold atlases) U and
V and let us define a category (Pre-Orb)(U, V) with ® as composition. We
define the space of objects (Pre-Orb)(U, V), to be the set of all compatible
systems f : U — V for all continuos maps f : X — Y: for any pair of

compatible systems f and § for f and g respectively, we define:

natural transformations from f to g if f =g

(Pre-Orb) (U, V)(f, g) = { o else.

The vertical composition ® is clearly associative; moreover, for every
object f (i.e. for every compatible system: U — V), we can define the natural

transformation i as follows: for any uniformizing system ((72, Gi,m) € U we
set as usual (‘Z,Hi, oi) = f(ﬁi,Gi,m) and we define:

(if)g, = 1y;

clearly 77 is a natural transformation from f to itself. Moreover, for any

o: f = gand for any 3: h = f we have:

a®ij=a and i;OF=4.

Hence (Pre—Orb)(U, V) is a small category, so we have defined the datum
(1) and (2) of definition 1.9. Now for any triple U, V, W of orbifold atlases,
let us define the functor “composition”

cuyw : (Pre-Orb)(U,V) x (Pre-Orb)(V,W) — (Pre-Orb)(U, W)

as follows:

oforeveryf:L{—>Vand§:V—>Vweset:

cavw(f,9) ==go f;
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o for every ¢ : fi = f5 in (Pre-Orb)(U,V) and for every 7 : §; = §» in
(Pre-Orb)(V, W) we set:
cuyw(8,m) =nx6: (Grofi) = (Gao fa). (2.19)

We want to prove that this is actually a functor, so let us consider any

diagram of the form:

fi g1
ST N T N
U - V - W.
f2 g2
N be T NS
fs g3

We want to prove that ¢,y preserves compositions, i.e. that:

cuyw ((o, 1) © (0,7m)) - cuvw(o, 1) © cyuyw(9,n). (2.20)

We recall that in chapter 1 we have defined the composition between
morphisms in the product of categories as made “component by component”;

in particular in this case we have that:

(o, 1) © (6,m) = (0 © 1O n);

then using (2.19) we get that to prove (2.20) is equivalent to prove that:

(L) * (0 ©8) = (ux0)© (n*0)

In other words, we have to prove that the interchange law (see §1.3) is
satisfied. So let us verify that this last identity is true: for any uniformizing

system ((71, G, m;) € U we have:

(Lo *(0©d0))g = (LEn)ys oo ©d)y) =

= ,Uf/i:s ° 77{71_3 ogl(aﬁ) ( ) Vf © gQ(UU ) © 77‘71.2 © gl((sﬁl) -
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= (u*0)z © Mm*d)g = (u*x0)®(n*0d))g,

where the passage denoted with = is just the naturality of 1 : §; = §s
applied to the embedding A := o . Hence (2.20) is proved, so ¢y, pre-

serves compositions.

Moreover, for any object (f,§) in (Pre-Orb)(U, V) x (Pre-Orb)(V, W),
and for any (U;, Gy, m;) € U we have:
) s

cuywliza)g, = aywlifigy = (ig)y © 3((i5)g,

= 1Wz o 9(1‘71) = 1WZ o 1Wz = 1Wz = (Zf]of)ﬁz
Hence ¢y, preserves also the identities, so it is a functor. Hence point

(3) of definition 1.9 is well defined. It remains only to define the “identities”
of point (4). So for every atlas U:

e we define 1, : Y — U to be a compatible system over the identity on
X, described as the identity functor from the category associated to
U to itself, together with the collection of liftings for the identity map
on X:

{(1u)ﬁiﬂi = 1&}

e we define 7;; as a natural transformation from 1;; to itself, described for

(ﬁi,Gi,ﬂ'i)EU ’
every (U;, Gi,m;) € U as:

(iu)a_ = 1@_.

The last two definitions are equivalent to give a functor as in (4) of defi-
nition 1.9, so we have defined all the data of a 2-category; now we have only

to verify the azioms of remark 1.3.

(a) For every triple of compatible systems:
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utv w2
we have that (71 0g)o f=ho (go f) as functors; moreover, for every uni-
formizing system ((N]Z»,G,-,m) € U, if we call (YN/i,Hi,ngi), (Wi,Ki,fi) and
(Z, L;, ;) the images of (172, Gi,m;) via f, go f and ho jo f respectively,

we get:

(hog)ofg.z = (hod)y z o fop =
= hip. 7, © G537, © fo.5, = (ho (G0 Mg, 2,
hence (fz 0g)o f=ho (go f) as compatible systems.
For every diagram of compatible systems and natural transformations of
compatible systems:
A o ha
s TS, T

/\

f2 92 ha

and for every uniformizing system ((71, G;,m;) € U, if we use the notations

of definition 2.12 we have:

(Wxn)*8)g, = (@*n)g20((h10G1)(85,)) = Wiz 0T (12) 0 (1 0§1(8,)) =
= Wi © 711(77@2 © G1(03,)) = wipa © hi((n*8)5,) = (wx (n*9))g,.
Hence we have proved that (w*n) *J = w * (1 * ).

For every compatible system f : U — V we have f o1, = f as functors.
Moreover, for every ((71, Gi,m;) € U we have (f o L)g,. 5 = fﬁi golg =
fNﬁi i Hence fo 1y = f in the sense of compatible systems. In the same

way one can check that 1y, o f = f
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(d) For each natural transformation ¢ : f; = f, in (Pre-Orb)(U, V) and for
every ([71, G;,m;) € U, we have:

(5 * iu)ﬁz’ = (5(71_ e} 1@ = (Sﬁi;
50 0 x4y = 0. In the same way we get that iy xd = 4.

This concludes the proof that (Pre-Orb) is a 2-category. O

2.5 Equivalent orbifold atlases

We said in remark 2.9 that as in the case of manifolds, actualy we are not
interested in atlases, but in equivalence classes of atlases or, equivalently, in
“maximal” atlases. In literature it is well known the definition of equivalent
atlases, but I found nowhere the proof that this is actually a relation of
equivalence, so this section is devoted to prove this fact in details. The
other important results of this section are proposition 2.5.7 and proposition
2.5.8; the first one allows us to think to every manifold (i.e: equivalence
class of compatible manifold atlases) as an orbifold (i.e: equivalence class of
equivalent orbifold atlases, in the sense described below). The second one
proves that the structure of orbifold for a global quotient of a manifold (via a
finite group of automorphisms) is well defined, i.e. it does not depend on the
manifold atlas we choose for our calculation. This was a problem remained

unsolved in the previous sections.

Definition 2.13. An atlas &/ on X is said to refine another atlas V on
the same topological space if for every uniformizing system in U there ex-
ists an embedding of it into some uniformizing system of V. Equivalenty,
U = {(U;, Gs, ) Yier is a refinement of V = {(17,, Hj, ¢;)}jes iff there exists
a set map v : I — J and embeddings ), : ((72, Gi,m;) — (‘77(1»), H. ), ¢4z)) for
every ¢ € I.
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In a some sense, we can consider this as a compatible system U — V
for the identity on X, except for the fact that in general this will not be a
functor (actually, it is not even defined on embeddings). However, we will

use the same abuse of notation we used for compatible system, i.e. we will
write (‘7;, Hi, gZSl) instead of (‘77(1-), H,Y(Z-), Cb'y(i))-

Definition 2.14. Two atlases are said to be equivalent if they have a common

refinement.

Now we want to prove that this gives rise to an equivalence relation on
the set of atlases on a fized space. In order to do that, we first state and

prove some lemmas and useful remarks.

Lemma 2.5.1. Let us fiz a uniformizing system ((7, G,m) and a point T € U.
Then for every open neighborhood ACU of x, there exists a uniformizing
system of the form (E, Gz, 7T|§) such that:

B is an open connected neighborhood of T;

e BCA;

up to a linear change of coordinates the group Gz acts linearily on é;

the inclusion i : B — U gives rise to an embedding of orbifold charts:

i: (E,Giﬂ,mg)) — (U, G, ).

Note that we don’t require that A is stable under the action of the group
G or Gf

Proof. If we apply lemma 2.1.4 for all g € G . Gz, we get a finite collection
of positive radii r, = r(Z, g) that satisfy (2.4); so if we call r their minimum,
we get that also 7 is positive. Now ro < r, for every g € G \ G, so lemma
2.1.4 says that:
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9(B,,)NB,, =@ Vg€ G\ Gs. (2.21)

Now AN B,, is an open neighborhood of 7 in U , S0 we can apply lemma
2.1.2 to this set with respect to the point ¥ and to the group G;. Hence
we get an open connected neighborhood A of Z, completely contained in
An B,, and stable under the action of the group G;. So we can apply
Cartan’s linearization lemma to the the pair (g’, Gz) in the point T, so there

exists:

e a connected open neighborhood B C A’ C A around Z, stable under

the action of the group Gj;

a connected open neighborhood Cof0e (O

a finite group H of linear invertible maps that act on 5;

a biholomorphic map o : B = C such that: o(z) = 0;
e a group isomorphism & : G — H such that:

cog=2a(g)oo Vgé€ Gj;. (2.22)

Now let us take any g € G3; if compose equation (2.22) with o~ both on
the left and on the right side, we get that:

go ct=0"10 5(g)

so, recalling that C = U(§)7

g(B)=goo '(C)=0""0oa(g)(C) =0 (C)=B
where = comes from the fact that by construction C is H-invariant and
a(g) € H. This holds for every g € Gz, so B is Gs-invariant. Moreover, after

the change of coordinates o this group acts linearily on B.
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In addition, by construction B=A - AN B,,, so we have that B - A
and (using (2.21)):

g(BYNB=@ VYge GG (2.23)

Now we want to prove that the triple (E, Gs, 7r|§) is a uniformizing sys-
tem. By construction B is an open connected neighborhood of £ and we have
already proved that it is Gz-invariant, so the first two properties of definition

2.1 are satisfied.

Let us define {Z,---,Zr} to be the set of all the preimages in U of
x = 7(z) in X via 7 and let us suppose that Z; = Z. Then for every

= 1,--- ,n let us choose an element g; € G (not necessarily unique) such

~.

that g;(Z1) = Z; (without loss of generality, g1 = 15). Now let us define the

set:

D= | U gz(g)

and let us prove that it is a disjoint union of open sets, all homeomorphic
to B. By contraddiction, let us suppose that there exist i # j such that
gl(é) N gj(é) # &. Then by applying gj_l we would get that:

g;:'og(B)NB # 2. (2.24)

On the other hand, by construction we have that:

95 0 gi(Z) = g; 0 gi(#1) = g; ' (&) # T

because we supposed that g;(Z) = &; # Z;; so gj_1 og; ¢ Gz, hence we
have obtained a contradiction between (2.23) and (2.24). So every set g;(B)
is disjoint from any other one with a different index; moreover, all these sets
are homeomorphic to B because G is a set of holomorphic automorphisms.

So there exists an homeomorphism:
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i=1,- .k

Now we want also to prove that D is saturated with respect to the action
of the whole group G. Indeed, let us fix any point g € D and any g € G and
let us prove that g(y) € D. Since D is the disjoint union of the sets of the
form g;(B), there exists a unique i € {1,-- , k} such that § € g;(B), so let us
call ¢’ the unique point in B such that 9:(¢') = 9. So our claim is equivalent
to say that go g;(¢') € D. So in order to prove our claim, it suffices to prove

that for every h in G we have h(B) C D.

So let us consider the point h(Z): by construction we have that there exists
a unique i € {1,---,k} such that h(Z) = 2; = ¢;(%). Hence g; ' o h € Gjy;
using the fact that Bis G z-invariant, we get that:

g;'oh(B) =B

hence:

h(B) = g(B) < D.

So we have proved that F is saturated with respect to the action of the
group G; moreover, it is open in U , so by definition of quotient topology, if

we define:

B:=n(D)CX

we have that B is an open neighborhood of x = (%) in U := #(U). Since
U is open in X (by definition of uniformizing system), we have that B is an
open neighborhood of z in X. Now a direct check proves that B = W(E); SO
our aim now is to prove that the triple (B, G;, 7r‘§) is a uniformizing system

for the open neighborhood B for z.
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So we want to prove that T3 induces an homeomorphism from B /Gz to
B. By hypothesis ((7, G, ) is a uniformizing system, so the map 7 induces
an homeomorphism ¢ from U/G to U = m(U), so (by definition of quotient

topology) it induces also an homeomorphism:

o5 D/G = B =m(D),

By contruction D is (up to homeomorphism) equal to the disjoint union
of some copies of B. Moreover, since B = W(E), to every point in B we can
associate a point in B (also if not necessarily unique), so in order to describe
the topology on B, it suffices to consider how the group G (restricted if
necessary) acts on B. Now using (2.23) we have that all the elements in
G ~ Gz map B to another copy of it, disjoint from it; so in order to study
the topology of B, it suffices to consider the action of Gz on B. To be more

precise, one can induce an homeomorphism:

¢ :B/G; = B=m(B).
so we have proved the third condiction of definition 2.1, i.e. (B,G3, T5)
is a uniformizing system for the open neighborhood B for x. Moreover, if
we define i : B — U to be the inclusion map, we get that this is clearly an

holomorphic embedding. Moreover, it is clear that T =mO 7, SO we have an

embedding of uniformizing systems:

i:(B,Gsmp) — (U,G,).
O

In the previuous proposition we have also implicitly proved the following

result:

Corollary 2.5.2. For every orbifold atlasU on X and for every point x € X
there exists an open neighborhood U of it in X and a uniformizing system
(ﬁ,G,W) for U such that the group G s just the local group at x as defined

in remark 2.8. Moreover, this uniformizing system comes with an embedding
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into a uniformizing system of U (even if, in general, it does not belong to

this atlas).

In addition, the topology around every point x € X is given by an open
connected neighborhood of the origin in C" (which corresponds to T) modulo
a finite group of linear invertible maps that act on this set. In particular, if
the local group at x is trivial, then the topology around x is the euclidean

topology in C".

Lemma 2.5.3. Let us fix a paracompact Hausdorff topological space X and 3
atlases U, V, V' for it. Suppose that both V and V' refine U; then there exists
a common refinement W of V and V' (i.e. V and V' are equivalent in the
sense of definition 2.13).

Proof. Let us define a family W whose elements are all the uniformizing
systems (W, K,&) for open connected sets W C X, such that there exist
two uniformizing systems (V,H,7) € V and (V',H',7') € V' together with

embeddings:

(V. H,¢) & (W,K,&) % (V' H',¢).
First of all, we want to prove that for every point x € X there exists an
open neighborhood W of it in X and a uniformizing system (W, K, &) eWw
for W. Let us fix such a point x. Since both V and V' are orbifold atlases for

X, there exists open neighborhoods V and V' for x and uniformizing systems
(V,H,$) €V and (V/,H',¢/) € V' for V and V' respectively.

Now we know that )V and V' are both refinements of I/, so there exists

two uniformizing systems ((7, G, ), ((7’, G', ') € U and embeddings:

A (V,H,¢) = (U,G,m) and p:(V,H,¢)— (UG, 7).

We recall that z € VNV’ and that V = ¢(V) = 1o A(V) C n(U) = U

and in the same way V' C U’, hence x € U N U’; since U is an atlas, there
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exists an open neighborhood U; C (U NU’) of z in X and a uniformizing
system ((71, G1,m) of Uy in U, together with two embeddings:

(U,G,7) & (U, G, m) 2 (U, G, 7).

Now ((71,6’1,7?1) is a uniformizing system for x, so there exists a (not
necessarily unique) Z; € U, such that m (Z1) = x. Using remark 2.7 we can

assume without loss of generality that

a(F) e NV)CU and B(3) e pu(V')CU. (2.25)
Hence if we define:

A=a! (/\(17)> ng (M(V'))

we get that this set is not empty because it contains Z1; moreover, it is also
open since o and (3 are continuos and A and 7 are embeddings between open
sets of the same dimension. So A is an open neighborhood of z; in 171 cCr,
hence we can apply lemma 2.5.1 and we get that there exists a uniformizing
system ((72, (9, m2) (in general not belonging to U) for an open neighborhood
7'('2((72) for z such that U, C A C [71, together with an embedding (which
coincides with the inclusion) i : ((72, Go,mp) — ((71, G1,m).

In other words, we have obtained the following diagram:

(”7,,/"'4- _______ )_\-__> (V7H7¢)
/////// -~ /
e N (U,G,m)
~ /// y o~ /
(U27G27W2) B (U17G177T1)
\\\\\ ﬂ\)
v, G )
\\\\\\ #\

Now we have that:
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aoi(lh) C a(d) C ala™ (A(V))) = A(V)

so it makes sense to define the set map:

—1 . r7 17
- OOT1: —V
|laoi(T2) Uz

vi=A

defined between two open sets in C". Now A is holomorphic and injective,
hence if we restrict its codomain to « o i(U) C A(V) we have that \ is
invertible; moreover, by hypothesis A is an embedding, so it is nonsingular
in every point of 17, so if we apply theorem 2.1.1 we get that its inverse is
again a holomorphic function. Hence v is the composition of 3 holomorphic
injective and non singular maps, so it is an holomorphic embedding. Now
we want to prove that it is also an embedding in the sense of definition 2.3

from (Us, G, m3) to (V, H, ¢):

Ty=moi=moaoi=moAoN loaoi=¢oN oaoi=¢oy (2.26)

so v is actually an embedding between compatible systems. In the same
way, we can define an embedding ¢ : (ﬁg, Go,mo) — (17’, H' ¢

Hence by definition of the family W, we have that (Us, Ga, T5) € W. This
can be done for every point z € X, so we have proved that the union of the
images of the uniformizing systems in W covers X, i.e. property (i) of defi-
nition 2.4 of orbifold atlases is satified by W.

Now we want to prove also property (ii), so let us take any pair of uni-
formizing systems (’in,Ki,gi) € W for i« = 1,2 and let us fix any point
T E& (Wl) ﬂfg(Wg) (if any). Recalling the definition of W we get that there
exists uniformizing systems (V;, H;, ¢;) € V and (17;’, Hl,¢,) eV fori=1,2,
and embeddings:

(‘Z,thbl) & (leKlvgl) = (‘71/,]'—]{7(%5/1);
(Va, Hy, 62) 2 (W, K, &) 5 (V] H), ).
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Now by construction ¢(V1)Né(Va) 3 z and both (Vy, Hy, ¢1) and (Va, Ha, ¢5)
are uniformizing systems in ), so there exists an open neighborhood V3
of z in X, completely contained in ¢(V;) N ¢(V3), a uniformizing system
(\N/g,, Hj, ¢3) € V for it and embeddings vy, v, as follows:

(Vi, Hy, 61) & (Vs, Hs, ¢3) 3 (Va, Hy, o).

As in the previous construction of ]{, we can assume that the set:

A= vt (71(W1)> Nvyt (72(WQ)>

is an open neighborhood of some point 3 € Vy such that ¢3(Z3) =z, so
using again lemma 2.5.1 for Al , we get that there exists a uniformizing system
(Vi, Hy, ¢4) (not necessary in the atlas V) such that ¢4(V4) 3  ; moreover,
the lemma gives us also an embedding j of (XN/4,H4,¢4) into (‘7},, Hs, ¢3). So

let us consider the diagram:

91,,,——""""_;;"> (W1, Ky, &)
,’////’ /
/,’/// " (‘/17H17¢1)
~ - j ~
(V4,H4,€Z54) I (VE’),HS,%)
\\\\\ 1/2\
el (Va, Hy, ¢2)
e —
- Y2
02 B > (W27K27§2)

If we apply the same construction described before, we can define two

embeddings:

0: : (‘21;11]479254) - (W17K17§1) and 0, : (‘N/4,H4,¢4) - (W2,K2752)

making the diagram commute. Now if we consider the embeddings:
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v10J 61001

V > (‘Z;Hlu(bl) A (‘2)H4’¢4) - (‘,71,7H17¢/1) S vl

we have proved that (\74, Hy, ¢4) is an element of the family WW. Moreover,
property (ii) of definition 2.4 is satisfied if we consider the open neighborhood
q54(‘74) of z in X and the pair of embeddings 6, 05. O

Proposition 2.5.4. The relation of “being equivalent” is actually an equiva-

lence relation on the set of orbifold atlases.

Proof. Tt is easy to show that this relation is symmetric and reflexive, so let
us consider only transitivity and let us fix a triple of atlases Uf; for i = 1,2, 3,
a refinement U/, of the first two and a refinement U5 of the last two. Then in

particular U, and U5 are both refinements of Us.

Hence using lemma 2.5.3 we get that there exists a common refinement
U of Uy and Us. Now composing with the given refinements we get that Us
is a common refinement of U, and U3, so U; and U3 are equivalent, hence

transitivity is proved. O
So it makes sense to give the following definition.

Definition 2.15. (|[ALR|, def. 1.2) A complez orbifold structure on a para-
compact Hausdorff topological space X is an equivalence class of orbifold
atlases on X. We will denote such an object by X or [X]. We will call or-
bifold the pair (X, X), or, by abuse of notation, just the orbifold structure X.

Remark 2.14. In remark 2.8 we defined the local group at a point z in X for
a fized orbifold atlas X and we proved that this notion is well defined up to
group isomorphisms. Now what happens if we choose two equivalent orbifold
atlases X; for i = 1,2 and we call G, , the corresponding local groups? We
recall that by definition G, was defined to be equal to the isotropy group

G,z at any of the preimages Z* of = in some chart of X; (and this notion was
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well defined up to isomorphisms).

Since X; and X, are equivalent, there exists an atlas X3 which refines
both. So let (U, G3,73) be a uniformizing system in it such that it contains
a point 7 such that 73(2%) = z. By hypothesis, X3 refines X}, so there exists
an orbifold chart (U, G, 7!) € X} and an embedding:

A (UG ) — (U, G, )

so using the same proof of remark 2.8 we get that the group Gjs ;s is iso-
morphic to G z1. In the same way, using the fact that X refines X, we get

that G5 z3 is isomorphic to G z2.

Hence up to isomorphisms the local group al any point x € X depends

only on the orbifold structure and not on the orbifold atlas chosen.

Definition 2.16. We say that X has dimension n if there is an atlas U of

dimension n in the class X'.

Lemma 2.5.5. This is equivalent to say that every atlas of the class has the

same dimension n.

Proof. Indeed, let us consider another atlas V in the class X. Now let us
take any chart (V,H,¢) € V; using lemma 2.1.5 we have that the set of
points with trivial stabilizer in Vs dense, so in particular it is non-empty.
So let us fix any point § € V with trivial stabilizer. Using corollary 2.5.2
we have that the topology around ¢(y) in X is the same of C™, where m
is the dimension of the atlas V. Using remark 2.14 we have that this point
has trivial stabilizer also with respect to U, so using again corollary 2.5.2 we
have that the topology around this point in x is also the same of C". Since
an open set of C" is homeorphic to an open set of C™ iff n = m, we get that

also the atlas V has dimension n. O]

Given any orbifold X sometimes it is convenient to work with a fixed
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atlas of the class, chosen in a “canonical” way. In order to do this, we give

the following definition:

Definition 2.17. We define the mazimal atlas associated to an orbifold struc-
ture X to be the family:

U = U U,.

Un€X
i.e. the family of all the uniformizing systems of all the atlases of the

class X.

Proposition 2.5.6. U is actually an orbifold atlas for X and it belongs to
the orbifold structure X.

Proof. Since every family U,, € X satisfies property (i) of orbifold atlases, so
is U, hence it suffices only to verify property (ii) of definition 2.4. So let us
fix two uniformizing systems ([71,G1,7r1) € U, and ([72,G2,7TQ) € U, where
Uy, Uy € X, let us suppose that m (U;) N mo(Us) is non-empty in X and let

us fix a point x in the intersection.

Since U; and U, are equivalent, there exists an atlas U3 which refines both
them. Let ((737 G3,m3) € Us be a uniformizing system such that there exists
#3 € Us with m3(Z3) = x (this chart exists because of property (i) of orbifold
atlases for U3). By definition of refinement, there exists uniformizing systems
(U], Gy, ) € Uy and (U}, G}, 7)) € Us together with embeddings:

(07, G, m) & (Us, G, ma) =5 (U3, G my):

for simplicity, let us call Z} := A\(Z3) and T, := A\ (Z3).
Now (Uy,Gy,m) and (U, G, 7,) are both uniformizing systems of U
and their images in X both contain x. So by property (ii) for the orbifold

atlas Uy, there exists a uniformizing system (U, G/, x") € U, for an open

neighborhood of x, together with embeddings:
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([71,G1,7Tl) & ((7{/, 1:7m7) 2 ((7{, 1)
Let us call # a point in U/ such that 7/(#/) = z; using remark 2.7 we
can assume that §1(Z]) = |. In the same way, we can choose a uniformizing

system (‘72”, 5, mh) € Us, embeddings:

(627 G2,7T2) (O‘_Q (fjga /2,777-;/) & ((757 /2777-;)

and point 7 € U} such that 85(#) = #,. Then we can define the set:

A= AT BTN N A (Ba(TY);

as in lemma 2.5.3 this set is open and non-empty in 173 because it contains
T3, so we can apply lemma 2.5.1 to this set with respect to the point z3 and
we get that there exists a uniformizing system ([74, G4, m4) and an embedding
0+ (Uy, Ga,ms) — (Us, G, m3) such that 3 € n(Uy) and n(Uy) C A. In other

words, we are using a diagram of embeddings of the form:

e (U1, G, )

/ / o

\\\\ B2 (U£7 /Q’Wé)
\\\\ /
(U3, G3, 7)
—— + (Ua, Ga, 72)

Now the set maps:
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M=o fitoAon
Y2 i=ago oo
are both well defined (because A; o n(Us) € M(A) C Zi(UY) for i = 1,2);

moreover, one can use a calculation similar to (2.26) in order to prove that

these maps give rise to embeddings:

(ﬁl7G177T1) y_l ([747G477T4) ﬁ .

So we have described a uniformizing system ([74, Gy, m4) such that 774((74)
contains x, together with embeddings in the fixed uniformizing systems cho-
sen at the beginning. Hence in order to prove that property (ii) of definition

2.4 is satisfied, it suffices to prove that ((74, G4, m4) belongs to the family U.

In order to do that, we define U, to be the family of all uniformizing sys-
tems on X which have an embedding in some uniformizing system of Us. We
recall that in lemma 2.5.3 we have proved that if we fix a pair of equivalent
orbifold atlases, then the family of all uniformizing systems which admits
embeddings in some charts of both atlases is again an orbifold atlas which
refines both them. In particular, if we choose these two atlases to be the
same (i.e. Us in this case), we have immediately that Uy is an atlas for X
and it refines U3, so it is equivalent to it; hence it is an atlas of the class X.
Moreover, since ([74,G4,7r4) comes with an embedding in ([73,G3,7r3) € [73,
then ((74, G4, m4) € Uy, so it belongs also to the family ¢ defined at the be-
ginning of the proof.

So property (ii) of orbifold atlases is proved for the family &. Moreover,
given the atlas U, we have that U refines U, so it is equivalent to it. Hence
u e X. D

We recall that in remark 2.9 we consider the case when we fix different

(but equivalent) admissible manifold atlases and associate to them the corre-
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sponding orbifold atlases. The question was: what is the relationship between

these orbifold atlases? The answer is given by the following proposition:

Proposition 2.5.7. Let us fix a pair of admissible manifold atlases M,, for
m = 1,2 on M and let us call M; the associated orbifold atlases, as described
in proposition 2.1.12. If My and My are compatible, then My and M are

equivalent n the sense of definition 2.14.

Proof. Let us suppose that M,, = {(U™, ¢7") }icrm for m = 1,2 and let us
consider the family A:

A := {all the charts of the form (U} N U?, ¢1-1|UilmU]_2>}i€[1’j€]2

where the indexes i and j are such that Ul NU? # @. It is easy to see that
this family is again a manifold atlas on M, which refines both the previos
two. Now for this atlas we can apply lemma 2.1.11 in order to get a new
manifold atlas Mz = {(U?, ¢?) }icrs, which is admissible and which refines
A. Then M; refines also both M; and M.

Let us call M,, = {(U™, G™, 7™)}ic/m the orbifold atlases associated to
M, using proposition 2.1.12 for m = 1,2,3. Then we want to prove that
M refines both M; and M, in the sense of orbifolds: let us prove this only

for the first case, the second one is analogous.

By construction we have that Mj refines My, so there exists a set map
f: I? — I' such that for every ¢ € I® we have that U? C U}(i). Then we can
define the function \; y(;) := ¢y, o (¢7)~" defined from U3 to ﬁ}(i).

By construction every chart of M3 is compatible with every chart of M;
and U? C U}(i)7 so the function \; s;) is a biholomorphism if restricted in
codomain, hence A; s;) is a complex embedding. Moreover, we recall that
by construction the groups G7 and G,y (defined in lemma 2.1.12) are both

trivial, so A; () is an embedding between orbifold charts:
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Ai,f(i) - (Ui?’, G?Jf) - (U}(i)v G}‘(i)ﬂT]l‘(i))'
Since this holds for every i € I®, we have proved that Ms refines M. In
the same way we can also prove that M refines My; hence M, and M, are

equivalent orbifold atlases. O

We recall also that in remark 2.11 we wondered whether the notion of
orbifold associated to a global quotient of a manifold was well defined or
not. Indeed in proposition 2.1.13 we associated to every fized atlas on the
manifold M an orbifold atlas for its quotient (under the global action of a
finite group G of automorphisms), but we said nothing about what happens

if we choose different manifold atlases. The following proposition fills this
gap.

Proposition 2.5.8. Let us suppose we have chosen a pair of compatible
manifold atlases My, My on the same space M. Let G be a finite group
of holomorphic automorphisms that act on M and let Ay and Ay be the
corresponding orbifold atlases associated to My and M respectively using

proposition 2.1.18. Then A, and As are equivalent in the sense of orbifolds.

Proof. Let us suppose that My = {(U}, ¢}) }iepr and My = {(UZ, ¢3)}jer;
then we define the manifold atlas My := {(U} NUZ, ¢;[u2rv2 bien jerz- Since
the previous two are compatible manifold atlases, then also M3 is a manifold
atlas (and refines the previous two). Let us call Az the orbifold atlas on
M /G associated to M3 by proposition 2.1.13 and let us fix a generic orbifold
chart (W, G,&) € A;. Using the explicit description of A3 in the above
mentioned proposition, we get that there exists indexes i € I, j € J, a point
P ¢ (U N Uf) and an open connected neighborhood XN/Z.J;, of P completely
contained in ¢;(U;} N U7), such that:

<W7G7§> = (‘Z,P?Gﬁ’vﬂ-i)' (2-27)

So we can define an embedding A from this chart to the same chart of

A; given by the identity. Since this works for every uniformizing system
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(W, G, €) of Aj, we have proved that Aj refines A; in the sense of orbifolds.

Now we want to prove that the chart (2.27) has an embedding also in
a chart of Ay. In order to do that, let us consider the open set B := gb? )
¢;1(‘27]5). We know that ‘7;715 is open and contains the point P; since both
the maps involved are homeomorphisms, we get that B is an open connected
neighborhood of P’ := ¢? o (¢})~(P) completely contained in (bj(ﬁjz), so it
concides with a set of the form Ej,ﬁ’ as defined in proposition 2.1.13. Hence
it makes sense to consider the orbifold chart (Ej’p/, ép/, 7;), which belongs to
As because of the explicit construction of this orbifold atlas in the mentioned

above proposition. Moreove, we can consider:

pi= 5o ()7 (Vip,Gpomi) = (B pr, Gpromj).

The map p is an holomorphic embedding because it is just the inclusion
map written in coordinates in a complex manifold; moreover, it commutes
with the projection maps, so it is an embedding in the sense of orbifolds.
Since this works for every chart (W, G,¢) in Az, we have proved that A

refines A,.
Hence Aj is a common refinement of A; and A,, so these 2 atlases are
equivalent orbifold atlases for the topological space M/G. ]

Definition 2.18. The orbifold structure for the quotient space M/G de-
scribed by propositions 2.1.13 and 2.5.8 is usually denoted with [M/G].






“Proposition 4-12 [...] suppose that the
smooth factors maps (fi,--- , f») are in fact
transverse. The set-theoretic fiber product
P = Ai[f1] X5 -+ Xg [fn]Ay, is then a
smooth manifold [..].

Proof This is a standard result, for which
we appeal to standard texts, such as Lang
([10]) - but beware that the proof given in

Lang consists of the single word “Obvious”.”

Lyle Ramshaw-Julieb Bash
[RB]

Chapter 3

The 2-category of internal

groupoids in a category €

3.1 Groupoid objects in a fixed category

Let us fix a category ¢ and two objects R and U in it. In the case where
both R and U are sets (or sets with additional properties), we would like
to think of R as a set of “arrows” between points of U. Hence we have to
define two morphisms “source” and “target” from R to U which “associate” to
every point in R a pair of points in U (their source and target). Moreover,
we would like to think of R as a “groupoid” in the sense of a category where
all the arrows are invertible. Hence we have to define a binary operation of
“multiplication” between composable arrows of R and an operation of “in-
version” from R to itself. Moreover, in order to have a category we have
to associate to every point x of U an arrow “identity” in R with source and
target coinciding with x. Furthermore, we would like that all these five maps
(source, target, multiplication, inverse and identity) are morphisms in the

category ¢ we are working in.

Finally, such five morphisms will have to satisfy some compatibility ax-

115
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ioms. So we get the following definition:

Definition 3.1. ([BEC-+], section 3.1) A groupoid object or internal groupoid

in a fixed category ¥ is the datum of two objects R,U and five morphisms
of ¢:

e two morphisms s,t : R = U such that the fiber product R; x, R
exists in €'; these two maps are usually called source and target of the

groupoid object;

a morphism m : R; Xy, R — R called multiplication;

e i : R — R, known as inverse of the groupoid object;

a morphism e : U — R, called identity;
which satisfy the following axioms:

(i) the compositions U < R = U and U <% R - U are both the identity

map on U:

(ii) if we call pry and pro the two projections from the fibered product

R; x5 Rto R, then we get som = sopr; and tom =topry, i.e:

m m

Rt X R

R R, xs R

R

pri m s pra m t
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(iii) (associativity) the two morphisms m o (1g x m) and m o (m x 1p) are

equal:

1R><m

Rt Xg Rt XSR Rt XSR
mx1lp &% m
Ry xs R —~ R;

(iv) (unit) the two morphisms mo (eo s,1g) and mo (1g,eot) from R to

R are both equal to the identity of R:

(c0s,1R) (1eot)

Rtst R

R Rtst

R R;

(v) (inverse) ioi = 1g, soi = ¢ and therefore t o i = s. Moreover, we

require that mo (1g,i) =eosand mo (i,1g) =eot:

i i (1R,i) (ile)

R R R R R— R, X R R—— R %X, R
m{z \f\'/‘{t s mn ‘m t| mn Jm
1gr s
R R U— U——— R

Using this list of axioms one can deduce the following useful property:
Lemma 3.1.1. mo (ioprg,iopry) =iom

This is stated (but not proved) in [BEC+|, exercise 3.1. Actually, we
will use this lemma only in the concrete category (Manifolds), hence the
statement can be checked set-theoretically, and this is very simple using the

previous axioms.
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If we assume that the category € has been fixed, we will denote a groupoid

object by any of the following 3 notations:

L4 (U7 R7 87 t? m? e? Z);

)

e Ry x, R5R->R=2USR;

OR::KU.

Some articles (see, for example, [M|, [MP|, [MP2]) refer to a groupoid
object with the notation G = (G Z:?; Go). This is used whenever it is
simpler to think to a groupoid as a category GG where all morphisms are

invertible.

Remark 3.1. Given any pair of morphisms R t:; U in a fixed category €,
we must take care if their fibered product R, X; R exists or not. This is
always ensured e.g. when we work in the categories (Sets), (Groups) or
(Schemes), but in general it is no more true in the category (Manifolds)

(complex manifolds and holomorphic maps between them).

In this last category it is known from category theory that if the fibered
product of any pair of morphisms A L BandC % B exists, it is obtained
adding a natural structure of manifold on the set-theoretical fibered product.
Now the first step can always be done (in (Sets)), while the second one
requires additional conditions on the maps used, so when in section 5 we will
deal with this category we will have to take care about the hypothesis we

put on s and ¢.

We are mainly interested in the category (Manifolds), so the only exam-
ples about groupoid objects will be given in section 5. For the same reason,
we will not give in the following sections any example of morphisms and

2-morphisms of groupoids and will fill this gap only in the next chapter.

Lemma 3.1.2. To every groupoid object R :t; U in a fixed concrete category

€ we can associate a small category % where all the morphisms are invertible.
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This is why some authors refers to a groupoid object as a category with
only isomorphisms; we will see in the following proof that in order to associate
a category to the groupoid object we are forced to loose some informations

about this object, so the two concepts are not equivalent.

Proof. We recall that in §1.1 we defined a concrete category € as a category
where the objects are sets (with additional properties) and the morphisms
are set maps (with additional properties); so in this case we have in particular

that both R and U are sets. Hence we can define a new category Z as follows:

e the class of objects %, is just the set U (so the category will be small);

e for every pair of objects x,y € U we define:
H(x,y) :={f € Rs.t. s(f) =z and t(f) = y}.

Now for every triple of objects x,y, z we define also the composition law:

H(x,y) X £y, z) = X (x, 2).

as follows: let us fix any f € Z(x,y) and any g € Z(y,z); then by
definition of Z we get that t(f) = y = s(g), hence (f,g) € R; X5 R, so it

makes sense to define:

gof:=m(fg).

Now we have also to define the identity for every object in U = Zy; so

for every object x we set:

This is well defined, indeed s(1,) = soe(z) = id(x) = z and #(1,) =

toe(x)=1id(zr) =x,s0 1, € Z(z,x).

Then the axioms of a category are easily verified using the properties of

groupoid objects. Actually axioms (i) to (v) of groupoid objects are obtained
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by the properties of categories, by “substracting” anything that refers to set
and set maps. This is also the main reason of the names of the structure
maps s,t,7,e of any groupoid object R t:; U, also in the case when % is
not a concrete category. For an explanation of the word “multiplication”; see
examples 3.3 and 3.4 at the end of this chapter.

O

Note that in this construction we loose completely the informations about

the inversion map 1.

3.2 Morfisms between groupoid objects

Now we are ready to define morphisms between groupoid objects in a

fixed category €.

Definition 3.2. Given two groupoid objects R :ji U and R 3; U’ in a fixed
category €, a morphism between them is a pair (¢, V), where ¢ : U — U’
and ¥ : R — R’ are both morphisms in %', which together commute with
all structure morphisms of the two groupoid objects. In other words, we ask

that all the following diagrams are commutative:

P
R v R R v R U U’
s m s/ t m t/ e m e’
/ 1A /
U - U U g U R W R

Ryx. RV R, %y R R v R

m Y% m, (2 5% 7,/

R R R R
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Remark 3.2. Note that if we fix the morphism W, then 1 is uniquely deter-
mined by these properties: indeed using axiom (i) for the second groupoid

object and the previous diagrams, we get that:

U /
- U
e m el M
].U/
R v R i U

ie. v = s’ oWoe. Note also that given this formula, 1 is certainly a

morphism in %, since it is a composition of morphisms in this category.

Definition 3.3. Let us consider 3 groupoid objects in % together with 2

morphisms:

’
E]

S U) (R

S//

3 U”).

t/

(R=0) 2 (R

Then we define the composition:

(6, @) 0 (¢, ) := (p oy, o W).

It is easy to prove that this is actually a morphism of groupoid objects:

1
s

(R=2U) — (R — U"); for example, in order to prove that it preserves the

source it suffices to compose the following 2 commutative squares:

R v R at R
s mn s’ m s

/ U// .

U » U p ;

in the same way one can prove that (¢ o, ® o W) preserves also targets,
multiplications, identities and inverses. Moreover, it is clear that both ¢ o1

and ® o ¥ are morphisms in %, hence we have defined a new morphism of
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groupoid objects in €.

Lemma 3.2.1. Let us fix a morphism (¢, ¥) : (R = U) — (R’ ;:; U') and

t

let us suppose that € is a concrete category. Then we can associate to (¢, V)

a functor:

U: % — R

between the categories associated to the two groupoid objects in lemma
3.1.2.

Proof. The functor U is defined on the level of objects as 1 and on the level
of morphisms as ¥. Then the axioms for a covariant functor are just the first

4 squares of the previous definition. O

Note that using this lemma the composition of morphisms just defined

induces a composition of the corresponding functors described in the lemma.

3.3 2-morphims

Now we want to make groupoid objects into a 2-category, i.e. we want to

define 2-morphisms, which will be called “natural tranformations”.

Definition 3.4. (a little generalization of [M],§2.2) Given two morphisms of
groupoid objects in €

(6, 0),(6,8) : (R=U)— (R = U

a natural transformation o : (Y, V) = (¢, ) is the datum of a morphism
a:U — R in € such that:

(i) s oa =1
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(ii) t'oa = ¢;
using (i) and (ii) together with the definition of morphism between

groupoid objects, we get that:

t'o(aos)=¢gos=50d

and t'oW=1ot=25o0(aot).

Hence we can consider both (aos, ®) and (U, aot) as morphisms in the
category € from R to R'y xy R’. Then we require that the following

equality between morphisms from R to R’ holds:
(iii) m' o (os,®)=m' o (V,a0t).

Lemma 3.3.1. Let us suppose we have a natural transformation « as in the
previous definition in a concrete category € and let us suppose that Z and %'
are the categories associated to R %& U and R’ % U’ respectively by lemma
3.1.2; moreover, let us suppose that ¥ and ® are the functors associated to
(1, V) and (¢, ®) respectively by lemma 3.2.1. Then we can associate to o a

natural transformation of functors:

Proof. Since % is a concrete category, we have that « is a set map (with
additional properties) from U to R'. Using (i) and (ii) of definition 3.4, we
get that for every point x € U = Z:

ie. a(z) € Z'(U(z),®(z)) Vo € Zy. Moreover, let us fix any pair of
objects z,y € %y and any f € Z(x,y) (i.e. any point f € R such that
s(f) = x and t(f) = y); using (iii) of definition 3.4 and the previuos 2

lemmas, we get that:
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B(f)oa(r) = m'(a(s(1), B(£)) = m'(aos(£), ®(1) = m'o (@os, @)(f) &

oo (a0 t)(f) = m/ (W(f), a0 t(f)) = m (B(f), aly)) = aly) o V().

In other words, if for any = € %, we set &, := a(z), we get that for any

f € Z(x,y) the following diagram is commutative in %"

U(z) ®(x)
T(f) Y o(f)
U(y) - D(y)

i.e: we have defined a natural transformation between functors:

=1

U=

o)

]

Clearly all the previous 3 lemmas only work in the case where % is a
concrete category; in the general case it does not make any sense the nototion
of category associated to a groupoid object R ;; U, so also the second and

the third lemma loose their sense.

Definition 3.5. Let us consider 2 natural transformations as follows:

(11,%1)

S he O\

/

R=U Y
(R=z20) R (R = U");

W

(3,%3)

using definition 3.4 for o and 8 we get that:
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tloa:w2:3,oﬁa

hence we can consider the morphism (o, 5) : U — R’y Xy R, so we can
define:

Boa:=mo(xf):U— R.
Lemma 3.3.2. In this way we have defined a natural transformation:

ﬁ@ a (wl,\pl) = (7703,\1]3).

Proof. Using again definition 3.4 and property (ii) of definition 3.1 we get
that:

So(foa)=som o(@,f) =5 oprio(a,f) =5 o0a=d

and t'o(fOa)=tom'o(a,B)=topryo(a,B) =1t o0 =1.

Hence conditions (i) and (ii) of definition 3.4 are satisfied. Now if we use

condition (iii) for o and 3 we get:

m' o (aos,WUy) =m'o (U, aot); (3.1)
m' o (Bos,W3)=m'o(Vy, Fot). (3.2)

Hence we obtain:

m'o((B®a)os,¥s) =m'o(m'o(a,B)os,VUs3)=

:m/o<m/o(aog7ﬁos)7qj3)ém/o(aosjm/(ﬂo&\l’g» (3:2)

(32) (3.1)

m' o (aos,m o(Wy,Bot))=m'o(m o(aos Uy),Bot) =
(Bil)m’o(m’o(\lll,ozot),ﬂot)im’o(\lll,m’o(aot,ﬁot)):

=m0 (W1, m' o (o, B) o ) =m0 (V1 (B @ a) o 1)
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where all the passages denoted with = are just axiom (iii) of definition
3.1. So condition (iii) of definition 3.4 is satisfied, i.e. § ® « is a natural

transformation as we claimed. O
Let us define also the horizontal composition of natural transformations:

Definition 3.6. Consider a diagram of this form:

(¥1,%1) (¢1,P1)
/\ T~
(R_T?SU) ila (R/%U,) llﬁ (R”:%?U”).
\/ ~_
(¥2,¥2) (¢2,P2)

In particular, we get that:

soa=1; and t'oa =1hy; (3.3)
' of=¢ and t"o0f = do; (3.4)
m'o(aos, Uy)=m' o (¥,aot); (3.5)
m" o (Bos,®y) =m"o (&, F0t). (3.6)

So:

tllo(q)looé)z%otloﬁ(g) g1 04 2 s" 0 (8 01y);

hence (@ o «, f 0 19) ia a morphism from U to R”» X R, so we can
define:

Bra:=m"o(Proa,Born):U— R"

Lemma 3.3.3. § x « is a natural transformation from (¢1, ®1) o (1, Vy) to

(2, P2) o (2, Vs), called horizontal composition of a and 3.
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Proof. Since all the maps involved are morphisms in 4 we get that also G*«

is a morphism in this category. Now we have that:
s"o(fxa)=25"om"o(Poa, o) :s”o@loa:qﬁlos’oa(:ﬁ) b1 0y
and t"o(Bxa)=t"om"o(Pioa,Fory)=1t"0F oy =y G 0 1o

hence conditions (i) and (ii) of definition 3.4 are satisfied. Let us prove

(iii); in order to do this, we give the following preliminary results:
(A)

(Bra)os=m"o (@ oa,Bot)os=m"o(oaos Boos);

(B)

mﬂo(ﬁol/&osa PyoWy) = m”o(ﬁos’o\II2,<I>20\I/2) = mﬁo(ﬁosla Dy)oW, 0

36) m"o(®y, Bot' ) oWy = m/ o(®10Wy, Bot’ oWy) = m”o(P0Wy, Borhyot);

(@)
m'o(Proaos, ®oWsy)=m"o (P x D)o (aos, Uy)=
=®,0m' o (aos, Uy) = ®rom o (VUy,a0t) =

=m"o(®; x Py) o (¥,a0t)=m"o (P 0V, $oaot);

m" o (Proaot,forpyot)=m"o(Poa,Bos)ot=(F*a)ot.

So we have that:
m” o ((8*a)os, ®yoWy) @ m” o (m"o(®oaos, foyos), PyoW,) =

= m"o(® 0a0s, m"o(Boi)yos, PyoWy)) @ m"o(®roa0s, m"o(®0Wy, Boihyot)) =
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= m"o(m"o(®0a0s, P1oW,), Borhyot) @ m”o(m"o(®10Wy, ®joqot), forhyot) =

(D)

— o (B0, m" 0 (Br0a0t, Bovsot) Dm0 (B 00, (B a)ot)

where all the passages without label are just property (iii) of groupoid
objects; so also property (iii) of definition 3.4 is satisfied, hence (3 * « is a

natural transformation from (¢; o ¢y, @1 0 Wy) to (g 0 Py, Py 0 Wy).
]

3.4 The 2-category (¢ — Groupoids)

Now we want to prove that with these definitions of groupoid objects,
morphisms and natural transformations we can describe a 2-category, that
we will denote with (4 — Groupoids). The % here means that all objects
and morphisms we work with are in a fixed category %. It is clear from our
notations what we mean with objects, 1-morphisms and 2-morphisms of this

new 2-category.

In order to simplify the following proofs, we will denote from now on the

2-category (¢ — Groupoids) (that we are going to define) with the letter 2.

Definition 3.7. First of all, we define the class of objects %, as the set of
all groupoid objects in the category ¥ we have fixed. Then for every pair of
objects R =% U, R’ é U’ we define the small category Z(R = U, R’ ? U’

as follows:
e the objects are all the morphisms of the form:
(6, 0): (RS U) — (R 5 U');
e the morphisms are all the natural transformations of the form:

a: (P, V) = (¢,P).
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The composition in this small category will be the vertical composition
® already defined. Moreover, for every object (¢, ¥) : R 2 U — R’ %,? U’

we define the morphism:

iww (Y, V) = (¥, ¥)

as iy w) := € 01 = Woe; this is a natural transformation from (1, ¥) to
itself; indeed:

s o =50 o =1¢ and t'oiyy =t oe o) =1

moreover,

m'(igp w05, V) =m'o(opos,¥)=m'o(eos oW, V)=
=m'o(os, lg)oW =1poW¥ =mo(lp,eot)oV =
=m'o(¥,eot’ oW)=m'o (¥, 0pot)=m'o(V,iyw ot)

where the passages denotes with = come from axiom (iv) of groupoid
objects. Hence 4y y) is a morphism in (R =2 U, R’ ? U).
We omit the simple proof that actually 2(R =% U, R’ ? U') is a small

category.

Until now we have complely defined data (1) and (2) of definition 1.9, so

let us also define the datum (3), i.e. the functor “composition”.

Definition 3.8. For every triple of groupoid objects (R =% U), (R’ % U,

(R" t;g U") we define the functor ¢ = c(r=vy,(r=v7),(R/=U7):

c: 2R UR S U)x 2R = U R = U")—>2(R=2UR U

as follows:
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e for every pair of objects:
(£, 9): (R U) — (R = U)and (¢,9): (R 3 U") — (R" 3 U”)

we define c((@/z, U), (¢, @)) = (¢, ) o (¢, V).

e for every pair of morphisms (i.e. natural transformations):

(1h1,%1) (¢1,%1)
/\ /\
(R3U)  da (r=zU) 48 (R U
\/ ~_
(¥2,¥2) (¢2,P2)

we define (o, ) := [ * a.

Our aim now is to prove that ¢ preserves compositions. As in the case of
(Pre-Orb) this is equivalent to prove that the interchange law is satified; in

other words, for every diagram of the form:

(¥1,%1) (¢1,21)
m | m H
R=U y S / n 2 1"
( - ) (1h2,¥3) (R ? U) (¢2,P2) (R ? U )
W W
(¥3,¥3) (¢3,83)

we have to prove that:

(vep) O (Ba)=voB) (1o a). (3.7)

Now

vep=m"o(Pyopu,vorhs) and Bxrxa=m"o(d;oaq,Bo)

so the L.H.S. of (3.7) is equal to:



3.4 The 2-category (¢ — Groupoids)

131

TTLH © (mll o ((I)l o a?ﬁ 01/12)77”” o ((I)2 ou, Vo w?))) =

=m”o ((I)l o Og’m” o (m” o (5O¢27®2 O,LL),I/O ¢3>)

On the other hand,

vofB=m"o(B,v) and u®a=m"o(aopu);

hence the R.H.S. of (3.7) is equal to:

" o (@, 0 m" o (a i) m" o (8,1) o hs) =
=m'o (m” o(Pyo0a,Pp0 ,u),m” o (B o3, vohy)) =

=m'o ((I)l o) a’m// o (m” o (q)l © ,u,ﬁ 0@03)71/077/}3)).

Here = comes from axiom (iii) of groupoid objects. Now if we compare
the left and the right hand side of (3.7) we notice that they are equal except

for the central part, so in order to prove (3.7) it suffices to prove that:

m" o (B0, By 0 ) = m" o (P 0 p1, f o). (3.8)

Now we recall that by hypothesis p is a natural transformation from
(19, Us) to (13,¥3), and (B is a natural transformation from (¢, ®;) to

(2, P2), so in particular:

vo=5op, Y3=tou and m'o(d,Bot’)=m"o(Bos D).
Hence:

m" o (B oy, ®yopu)=m"o(Bos o Pyopu)=

o (Bo s, By) o =m0 (B, fo ) op =

=m"o(®rop,Bot op)=m"o(®op Bos).
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So we have proved that (3.8) is true, hence also (3.7) holds, so we have
proved that ¢ preserves compositions. In the same way one can prove that it

preserves also the identities, hence c¢ is a functor.

Definition 3.9. For every groupoid object R :ti U we define the morphism
lr=y = (ly, 1gr) defined from R ;3 U to itself. Moreover, we define the

natural trasformation:

ipmy i=e: U — R

This is actually a natural transformation from 1z to itself. Together

this 2 definitions are equivalent to datum (4) of definition 1.9.

Until now we have only defined the data of the 2-category Z as in defini-
tion 1.9; we have also to prove that the 4 axioms of a 2-category are satisfied
(see remark 1.5). We will give a proof only of the non trivial part, namely

axiom (b): suppose we are in the following situation:

(11,%1) (¢1,®1) (01,01)
T~ T~ T~
(Ri 3U1) Yo (R 3U:) 4B (Rs 2Us) Uy (Re 73 Ua).
\_/ \_/ \_/
(1h2,¥2) (¢2,P2) (62,02)

We want to prove that (v ) *« < v*(B*a). Let us consider the L.H.S.

of this relation: we recall that v * 3 = my 0 (010 (3,70 ¢s), so we use:

(¥1,%1) (010¢1,010P1)
/\ /\
(Ri 200 ba (R 30Uy Yy*p (R U
\_/ \_/
(1h2,¥2) (020¢2,020®2)

in order to compute:
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(Y*B)*a=myo(Or0P 0a,myo(Or003,70¢y)01s). (3.9)

On the other hand, if we want to compute the R.H.S, we recall that

B a=mgo (P oa,o1s); hence using the diagram:

(p1091,P10¥7) (01,01)
/\ /\
(Bi 2 U) U Bxa (Rs 2Us) Uy (Ra 2 U)
\_/ \_/
(¢p2012,P20W2) (02,02)

we get that:

v*(Bxa)=myo(O10mgo (Proa,Fos),y0p01h) =
=mgo (myo (01 xO1)o(Proa,Borhy),y0pyor)) =
=myo(myo(O10®P0a,0;080y),70dy01) =
= my 0 (0;0®; 0a,myo0 (0080170 d01)) =
=myo(010dP;0a,myo (000,70 ¢dy)01s). (3.10)

By comparing (3.9) and (3.10), we are done.

Proposition 3.4.1. Hence we have completely described a 2-category, that

we will onwards denote with (¢ — Groupotids).

Remark 3.3. Note that in this category every 2-morphism is a 2-isomorphism,
(i.e. invertible with respect to ®). So, according to definition 1.8, we will

call also natural equivalences the 2-morphisms of (¢ — Groupoids).

In order to prove that, let us consider any natural transformation a:
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(¥1,%1)
T
(R=20) Vo (R U
~_
(¢2,%2)

and let us define 8 : =i oa : U — R'. We want to prove that ( is a
natural transformation (¢, ¥s) = (¢4, ¥q). First of all,

sof=soiloca=toa=1y
and tof=toiloa=5o0a=n1).

Moreover,

m'o(fos,¥)=m'o(i'ocaosioioW;)=

=m/ o (i opry, i’ opri)o(i' oW, a0s) =i om o(i oW, a0s) =

k%

=i om'o(¥o0i,a0toi)=4om o(¥,ao0t)oi=
Zi'om'o(aos, Uy)oi=4om o(aosoi,Wyoi)=
=i'om/o(aot,i'oWy) =m o (i opry,i opry)o(aot,i oWy) =

=m'o (' o oWy, oaot)=m' o (Vy,Fot).

Here = is just property (iii) for o and = follows from lemma 3.1.1 applied
to the groupoid object R’ t::& U’; hence 3 is a 2-morphism from (i, ¥s)
to (¢1,V1). Now we want to prove that it is the inverse of «, i.e. that
BOa =iy, v)and a® B = iy, wv,). We prove only the first relation, the

second one is similar:

Boa=m'o(a,f)=m'o(a,ioca)=m'o(lg,i)oa=

/ / / .
=eosoa==¢€ oY =iy u).
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3.5 The 2-category (Grp)

As we mentioned at the end of section 1, in the category (Manifolds)
of complex manifolds (and holomorphic maps between them) in general the
fiber product (as defined in chapter 1) does not exists. To be more precise, it
exists if ignore the manifold structure and we work in (Sets), but in general
the set that we obtain doesn’t admit a structure of complex manifold. Even
if this is the general case, we can add some extra hypothesis on the maps
involved in order to ensure that the fiber product exists. One of the most

interesting condition is about submersions.

We recall that an holomorphic (or smooth) map f: M — N is a submer-
sion at a point p € M if its differential Df, : T,M — Ty, N is surjective.
We will say that f is a submersion if it is a submersion at every point of M.

A well known result about submersions is the following:

Proposition 3.5.1. (normal form of a submersion) Let f : M — N be a
holomorphic map between complexr manifolds of dimensions m and n respec-
tively. If f is a submersion at a point p, then there exists a pair of charts
(U, ), (V,€) for open neighborhoods of p in M and f(p) in N respectively,

such that the the local expression in coordinates of the function f is given by:

§ofo¢_1(t1,"' 7tn7tn+17"' ;tm) — (t1,"' 7tn)

for every point (t,--- ,t,) € p(U) CC™

Proposition 3.5.2. Let us fix any pair of holomorphic maps between complex
manifolds X Ly andz % v. If f is a submersion, then there exists
their fibered product X Xy Z in the category (Manifolds) and its complex

dimension s equal to:

dim(X Xy Z)=dim(X)+ dim(Z) — dim(Y').

Moreover, the map pro : X Xy Z — Z is again a submersion.
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The previuos proposition and similar ones are cited in many articles (see
for example [RB| and [M]), but I found nowhere a proof of this fact, so I had

to prove it on my own.

Proof. In order to simplify the proof, let us use the following notations:

dim(X)=m dim(Y)=n and dim(Z)=gq

Since f is a submersion, we have that m > n. We give to X x Y the
product topology and to X Xy Z the topology induced by the fact that it

is a set contained in X x Y.

Now let us fix any point x € X and let us call y := f(x); if we apply the
previous proposition we get that there exist charts (U,, ¢,) and (V},,1,) such
that the map:

Yyo fo gb;l 02 (Uz) — ¥y (V)

defined between open sets of C™ and C" is of the form:

(t17"' 7tn7tn+17"' 7tm) - (tla"' 7tn> (311)

Now ¢.(U,) is an open neighborhood of ¢,(z) in C™, so there exists
a polydisk A = {2/ € C"s.t. |2} — 2] < 6 Vi =1,---,m} (for some
positive radius 0) completely contained in ¢,(U,). Let us consider the affine

automorphism n on C" given by:

o) = 5 — )
so we get that n maps A into the standard polydisk A™ = {2/ € C™ s.t.|z}| <
1 Vi=1,---,m}. Now no ¢, is again an homeomorphism, so it makes
sense to consider the chart (U,, ¢,) around z in X, where U, := ¢;1(A) =
o (1 (A™)) and ¢, := 1o ¢,. Now let we call 77 the affine automorphisms

on C" given by:
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D) = 5/~ )

using (3.11) we get that it makes sense to consider the open set V, :=
Y, (7 H(A™)); if we define W, := o1, we get that (%,J}y) is again a chart
around y in Y. Moreover, if we express the map f with respect to these
charts, we get the same expression of (3.11) but in this case the map will be
defined from A™ to A". So there is no loss of generality in assuming that the
charts (Uy, ¢z) and (Vy,1,) are such that (3.11) holds and 6. (U,) = A™,
Yy (V,) = A™. From now on we will always assume that for every point = in

X we have chosen a pair of charts of this form.

Now let us fix any point (z,2) € X xy Z. Since g(z) = f(z) =:yand g is
holomorphic (hence continuous), we get that g=*(V},) is an open neighborhood
of z in Z. Now let us choose any chart (WW,,¢,) around z: eventually by
restricting to W, = W, N g *(V,), we can assume that g(1,) C V,. Our aim
now is to construct a chart around (z, z) in the fiber product. First of all,
we consider it as a point of X x Y, so a chart around it is (for example)
(Up X W,, 0, x £,). In particular U, x W, is an open neighborhood of (z, 2)
in X x Z. By definition of induced topology, the set:

Ay, = (U x W)N (X xy Z)

is open in X Xy Z; explicitly, this set is given by:

A ={@ ) st. 2" €U,z e W, and f(2')=g(2")}.
Then we can define a set map:
Op.: Ap, — A" xEW,)CCm ™ xCe
(@) = ((@@) or@)), )

where ¢! is the i-th component of ¢,. This map is well defined be-

cause ¢, has values in A™, so |¢.(2')] < 1 for every ¢ = 1,--- ,m hence
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(¢mt(2") -+ ¢™(2')) actually belongs to A™~™. This map is continuous be-

cause it is the composition of the following continuous maps:

Ux X Wz (s xE2) ¢<U$) > fz(Wz) g (Cerq — Cn+(m7n+q)
v N
pr2
Az,z p AT % £Z(Wz)

where 7 is just the inclusion map. Moreover, we can define the set map:

'Y:E,z : Am—n X é-Z(WZ) - Aw,z
(R ) I G (Y T S U N R U))]

A priori this map has values in U, x W, but actually it has values in A, ..
Indeed, 71(1) € W, hence ¢, 0 go &1 (1) € A™ and (g1, ,tn) € AT,
so the first of the two points of the image is well defined. Moreover. a direct
check proves that f applied on the first point is equal to g applied to the
second one. In addition, this map is continuous if considered as a map with
values in U, x W, so using the universal property of the induced topology,

we get that it is also continuous if considered with values in A, ..

Moreover, one can easily see that this map is the inverse of 0, ., hence

0, . is an homeomorphism. So it makes sense to define the family of charts:

F = {<Az,za gz,z)}(a:,z)eX Xy Z

where for every point (z,z) € X Xy Z we have chosen one chart (W,,&,)
such that W, C g7'(Vj()); we want to verify that this family is an atlas on
X xy Z. First of all, let us consider the family:

Fx = {(Uxa ¢m)}z€X
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where the charts of this family are constructed as before; this is clearly
an atlas on X, hence for every pair of points z, 2’ in X the transition map

¢ 0 ¢ is holomorphic. Moreover, the family

fZ = {(W27£z)}zEZ

is (part of ) an atlas on Z, so for every pair of points z, 2’ in Z the transition
map ¢, o ¢! is holomorphic. Now let us fix any pair of points (=, 2), (', )
in X Xy Z, let us suppose that A, , N A, . # @& and let us consider the

transition map:

0 =0y o0 Ol AT X W, — AT X W

and let us fix any point (£,41, -+ ,tm,l1---,l;) in its domain. Then the

first components of its image via ¢ are of the form:

Cbi’ (Qb;l(wy ogogz_l(ll, T vlq)’tn-i-l’ Y 7tm))

fort=n-+1,--- ,m; the other components are of the form:

(e (b )

for j = 1,---,q. Hence, all the components of o are holomorphic maps
using the fact that the transition maps and the function g (expressed in co-
ordinates) are so. Since this holds for every pair of points (z, z) and (z/, 2')
in X xy Z, then also 0, , o 9;'},2' is holomorphic; hence ¢ is biholomorphic.

So we have proved the compatibility condition on the intersection on any
pair of two maps. Moreover, by construction the domains of the charts of
F cover all X Xy Z; so we have proved that this set is actually a complex

manifold of dimension equal to m + ¢ — n.

Now let us consider the square:
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X Xy A Z

pr1 g

X Y
! (3.12)
where for every point (z,z) € X Xy Z we define pri(z,z) := x and
pra(z,z) = z. Clearly this diagram is commutative; our aim is to prove

that both pry and pry are holomorphic. Let us consider the first one and let
us fix any point (z,z) in the fiber product. Then we can choose the charts
(Ay 2, 0, ,) around (z, z) and (U,, ¢,) around x; if we express pry with respect

to these cordinates, we get a map of the form:

((tuer 1) 1) = (09 0 €Dt )

which is clearly holomorphic. Moreover, we can choose the chart (W, ¢,)
around the point z = pro(z, 2) and again (A, .,0, ) around (z,z); then in

these coordinates pry has the form:

((tnﬂ,--- ,tm),l> .y

which is clearly holomorphic. Moreover, its differential has maximum
rank, and this property does not depend on the choice of charts in domain

or codomain, hence prqy s a submersion.

Until now we have proved that (3.12) is a commutative diagram in the
category (Manifolds), hence in order to prove the proposition it suffices to
prove that the UP of fiber products holds. So let us consider any other
complex manifold G together with a pair of holomorphic maps a : G — X
and b: G — Z such that foa = gob. Since X Xy Z is a fiber product in
(Sets), there exists a unique set map v : G — X Xy Z making the following

diagram commute:
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Y.

Using the results of chapter 1, we know that the set map 7 acts on every

point g of G as:

Our aim is to prove that 7 is holomorphic, so let us fix any point g in
G and for simplicity let us define z := a(g) and z := b(g). We know that
both a and b are holomorphic, hence in particular they are continuous, so
A = a}(U,) and B := b~!(W,) are both open neighborhoods of g in G.
Let us fix a chart (D,,n,) around g in G. Eventually by restricting D, we
can suppose that D, € AN B. Now a and b are holomorphic, hence their

expressions in coordinates:

gbxoa,ong_l and fzobong_l

are both holomorphic maps. Now let us choose the charts (Dg, n,) around
g € Gand (A;.,0,.) around v(g) = (z,2) in X Xy Z. Then for every point
g € D, the local expression of v with respect to these coordinates has the

following form: it associates to every ¢’ € n,(D,) the point:

(e @om, (¢)). o (aon, (9)), € o, (o) -+ & (bon, ()

hence 7 is an holomorphic map, so the UP of fiber products in (Manifolds)

is satisfied. O]
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Definition 3.10. A groupoid object in (Manifolds) is called Lie groupoid

if both the source and the target map are submersions.

Remark 3.4. Using the previuos proposition, we get that the fiber product
used in the first point of the definition of groupoid objects is clearly satisfied.
Moreover, the resulting maps pr; and pro are again both submersions. Hence
also the fiber product Ry x5 R; X5 R exists in (Manifolds). Indeed:

Rix, Ry xs R={(r,r",7") € RxRxR s.t. s(r') =t(r)and s(r") = t(r")} =

- (Rt Xs R)g XSR

where t := t o pry. Here the fiber product behind parenthesis exists, £ is
a submersion (because ¢ is so by hypothesis and pry is so using the previous
proposition) and also s is a submersion, hence the whole fiber product ex-
ists in (Manifolds) and again the projection maps are submersions, so by

induction we can prove that there exists fiber products of the form:

Rtxs"' thR

for arbitrary (but finite) number of factors.

Definition 3.11. An holomorphic map f : X — Y between complex mani-
folds is étale if it is locally a biholomorphism, i.e. if for every point x € X
there exists an open neighborhood A of x in X such that f restricted to A
and to f(A) is a biholomorphism.

Remark 3.5. If f: X — Y is étale, then the complex dimension of X and Y
is the same. Indeed the notion of dimension can be checked locally, where X

and Y are biholomorphic.

Corollary 3.5.3. Let us suppose we have a pair of holomorphic maps f :
X =Y and g: Z — Y and let us suppose that f is étale. Then the fiber
product X Xy Z ezists in (Manifolds) and its complex dimension is equal

to the dimension of Z. Moreover in this case also the maps prs is étale.
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Proof. Every étale map is a submersion between manifolds of the same di-
mension, hence the first part of the proof follows directly from proposition
3.5.2. Moreover, in the proof of that proposition we have seen that a local

expression in coordinates for pry is of the form:

(thrla"' 7tm7l17"' 7lq)'_> (lla"' 7lq)

but in our case m = n and the set A™™" is just a single point, hence in

these coordinates pry is just the identity. Hence prs is étale. O

This property is known in the following way: the étaleness property is

stable under under fiber products.

Now we can give the following definition:

Definition 3.12. ([M],§1.2) An étale groupoid is a groupoid object R =2 U
in the category (Manifolds) such that both the maps s and t are étale. Using
remark 3.4, the fiber products R; X, Rand R;x, R; X, R exist, so all defini-

tion 3.1 still makes sense.(Clearly every étale groupoid is also a Lie groupoid).

Remark 3.6. Let us fix any groupoid object R =3 U in (Manifold), i.e. let
us suppose that the fiber product R, x; R already exists. Then if s is étale,

also t is so, and conversly.

Indeed using axiom (v) of definition 3.1 we get that i 0 i = 1p and by
definition of groupoid object the map ¢ : R — R is holomorphic, so 7 is
biholomorphic. Moreover, the same axiom requires also that ¢ = soi, so t is

the composition of an étale map with a biholomorphic one, so it is étale.

Definition 3.13. A groupoid object in (Manifolds) is proper if the map
(s,t) : R — U x U is proper, i.e. if the pre-image of any compact set in
U x U is compact in R. The map (s, t) is usually known as relative diagonal

of the groupoid object.
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Definition 3.14. The objects we are interested in are the étale proper
groupoid objects in (Manifolds). These objects will be the objects of a
2-category, that we will call (Grp).

Definition 3.15. A morphism between étale proper groupoids in (Manifolds)
is just any morphisms between groupoid objects in (Manifolds) in the sense

of the previous definitions and we define the 2-morphisms in the same way.

This 2-category differs from ((Manifolds)-Groupoids) just for the fact
that we require some additional conditions on the source and target maps of
the objects. All the previous proofs works also with this additional condition
(just on the level of objects), so (Grp) is actually a 2-category. To be more
precise, in the language of category theory, (Grp) is a full sub-2-category of
((Manifolds)-Groupoids), but this is not essential for this work.

This 2-category appears to be as the natural target for the 2-functor F'

that we will describe in the following chapter.

The following 4 examples are taken almost under verbatim from [M].

Example 3.1. Any complex manifold M on a topological space M can be
viewed as a Lie groupoid as follows: we set R := M, U := M and we define

the five structure maps as follows:
e s=t=1d: R— U,
e 1 :=id: R— R;
e c:=1d:U — R,

e since both s and t are the identity, we have that M, x, M = Ay
(i.e. the diagonal of M x M), so we can define the multiplication map

m: Ay — M as m(z,x) = x.

It is obvious that all these maps are holomorphic, that s and ¢ are both

étale and that the axioms of a groupoid are all satified. Moreover, the map
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(s,t) is just the diagonal map M — M x M, so it is proper. Hence we
have completely described an étale proper groupoid in (Manifolds). This

groupoid is called unit groupoid associated to M.

Example 3.2. To any complex manifold M on M we can also associate
another groupoid, called pair groupoid as follows: we define R := M x M,
U := M and:

e s: MxM— M, s(x,y) :=ux;
o t:MxM— M, tx,y) =uy;
° ZMXMHMXM7Z("E7y) :(y,l’),

e c: M — MxM,e(x):= (z,z):

by definition of s and ¢ we have that:
Ry xs R=(Mx M), xs (Mx M) = {((m,y),(y,z)),x,y,z,e M}
so we define the multiplication map m : R; X, R — R as:

m ((z,9), (y,2)) := (z,2)

As before, this defines a groupoid object in (Manifolds), which is a Lie
groupoid because clearly both s and ¢ are submersions, but is not étale be-
cause these two maps are defined between manifolds of different dimensions.
We can think to the space R as a set which contains ezactly one arrow for
every pair of points (x,y) of the manifold M. Using this interpretation, the
multiplication m just links every pair of arrows x — y and y — z and the

inversion map just reverses the directions of the arrows.

Example 3.3. We recall that a Lie group is a (complex) manifold M (on
a topological space M) which is also a (multiplicative) group, such that
multiplication and inversion are both holomorphic maps. To any object of
this type we can associate a Lie groupoid as follows: we set U := {pt} (a

topological space with a single point), R := M and the structure maps:
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s and t are both defined from M to {pt} as the trivial maps;

1: M — M is the inversion map of the group;

using the definition of source and target, we have that R, x, M =
M x M, so we can define m : M x M — M as the multiplication map

of the group;

we define e : {pt} — M as e(pt) := 1 where 1 is the neutral element of
the multiplicative group M.

The axioms of a multiplicative associative group imply easily the axioms of
a Lie groupoid and give an explanation for the word “multiplication” used in
the definition of groupoids at the beginning of this chapter. Moreover, this

explains also the term “Lie groupoid” as a generalization of Lie group.

Example 3.4. Let us suppose that a Lie group K acts (holomorphically) on
the left on a manifold M (defined on a space M). Then we define U := M,
R := K x M and the maps:

s: K xM— M, s(k,z) :=x;
o t: K xM— M, tk,z):=k-x;

e i: KxM— K x M, i(k,z) := (k™' ,z) where k™! is the inverse of k

with respect to the multiplication map on K.

usign the previous definitions, we get that:
Ry xs R= (K x M), x5 (K x M) = {((k,x),(h,y)) st ko= y}
so for every point in it we define:

m ((kv l’), (hvy)) = (h -k, l’);

e c: M — KxM,e(z) :=(1,x).
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This Lie groupoid is called translation groupoid or also action groupoid as-
sociated to the action of K on M and is denoted by K x M. A similar
construction applied to a right action of a Lie group K on M gives us the

translation groupoid K x M.






“La poesia ¢ 'arte di dare nomi diversi alla
stessa cosa; la matematica é ’arte di dare lo

stesso nome a cose diverse.”

Henri Poincaré

Chapter 4
From orbifolds to groupoids

The aim of this chapter is to describe a 2-functor F' from (Pre-Orb) to
(Grp). In order to do that, first of all we will follows the construction due to
Dorette Pronk, in order to associate to every orbifold atlas an object of the
2-category (Grp), i.e. a groupoid object in the category (Manifolds) with
source and target étale and proper relative diagonal (s,t) : R — U x U (as
described in the previous chapter). This will be done first by defining two
sets U and R and five set maps s,t,m,i,e that make the pair (R,U) into
a groupoid object in (Sets). Then we will describe the topology on R and
U and we prove that actually they are both complex manifolds such that
the five structure maps are holomorphic; this proves that we have obtained
a groupoid object in (Manifolds). Moreover, we will verify that s and ¢ are
both étale and that the relative diagonal is proper; hence R :ti U will be an
object in (Grp).

The original part of this chapter consists in the proof that we can also
associate to every compatible system a morphism between the corresponding
groupoid objects and to every natural transformation in (Pre-Orb) a natural
transformation in (Grp). Moreover, we will prove that this construction

satisfies the axioms for a covariant 2-functor given in definition 1.12.

149
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4.1 Objects

We will follow [Pr| with minor changes for the description on the level of
objects from orbifolds atlases to groupoids.

Let us consider an orbifold atlas U = {(171, G, ;) bier of dimension n on a
paracompact and second countable Hausdorff topological space X; we want
to associate to it a groupoid R :t§ U which “encodes” the information about

the underlying topological space X and the atlas U. First of all, we define:

iel
with the topology of the disjoint union. Since the ﬁi’s are all open sub-
sets of C" and U is their disjoint union, then U is a complex manifolds of

dimension n.

Remark 4.1. The points of this manifold will be always denoted as (z;, U;) if
T; € [71 C U. In the following constructions we will tacictly assume that if

we take a generic point z;, then this point belongs to 172

Now the idea is that whenever we have U defined in this way, we would
like to recover both the underlying topological space X and the atlas; how
to do this must be encoded in R, that we are going to define. If we want to
recover X set-theoretically, we have to identify on U any two pair of points
(%;,U;) and (%5, (7]) such that 7;(%;) = m;(Z;) on X. Now suppose that we
have fixed such a pair of points, call  their common image in X and apply
the definition of orbifold atlas (definition 2.4). So we get that there exists
an open set U, C U; NU; on X which contains z, a uniformizing system

ﬁk Gy, m,) € U for it, and embeddings:
( ) b ) bl g
(T, Gy, i) (i (Ux, Gy, 1) o (ﬁijjﬂTj); (4.1)

using remark 2.7 we can assume that we have chosen z; € ﬁk such that:
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Conversely, if there exists a pair of embeddings (4.1) such that (4.2) is
satisfied, we get immediately that (Z;, [71) and (Z;, (7]) will be identified in
X. So the first idea could be to define a set R whose elements are of the
form (Agi, Tk, Akj) together with two morphisms “source” and “target” from

R to U and an “inverse” as follows:

S(Akis Thy Aiij) = (Mki(Tk), Us)
iy T Mig) o= (Mg (E0), U)
P(Nkiy Ty M) = (Nijs Thoy Aji)-

Then we would easily recover the set X as U/ ~ where ~ is the relation
defined by:

=~ ~ def El()\]m,fik, )\kj) € R s.t.
. . @ ~ ~ ~ R
S(Xkir T, Aij) = (T4, Up) and t( A, Ty Aij) = (25, Uj).

However, with this definition some problems arise about the definition of
multiplication m on R 4 x; R. The best way to solve the problem is to proceed
as Dorette Pronk does in [Pr|: first of all, as before we will use the notation
Ari to denote any embedding from (ﬁk,Gk,Wk) to ((71, G, m;); whenever we
have embeddings:

Aki (77

~ Anj o
(U, Gy, mi) & (U, Gy ) =3 (U5, Gy, 75) (4.3)

we use the notations:

ﬁéj or (Akz;)\k])

to denote a copy of the manifold I?k indexed by the embeddings \;; and
Aij- To be more precise, we have to write (7,?1‘/\’” whenever we have such an
object because in general there is not a unique embedding from a uniformizing

system to another one. However, we will use this complicated notation only
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when there is some ambiguity on the embeddings used. Then we define the

set:

. )

where the disjoint union is taken owver all triples of uniformizing systems
of the form (4.3). In other words, the disjoint union is taken over all the
uniformizing systems (ﬁk,Gk,wk) and over all the possible embeddings of
them into other uniformizing sytems (possibly coinciding) as in (4.3). Any
point T € (7,1‘7 C R will be denoted by:

R is a complex manifold of dimension n because it is a disjoint union of

open sets in C"; on it we give the following:

Definition 4.1. Two points (A, T, A\g;) and (N, Z;, Ajj) are said to be equi-

valent in R and we write:

(>\kh jk? Akj) ~ <)\li7 i‘la )\l]) (44)

iff there exists an open connected set U, in X, a uniformizing system

(ﬁm, Gm,Tm) € U, a point T, € U,, and two embeddings:

Ami

(ﬁk7Gk77Tk) )\ﬁk (ﬁmqu77Tm> - (ﬁlaGbﬂ-l)

such that the following diagrams are commutative:
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U, Ty
Aki - Ak Aki - Ak
[7@ v fjm N ﬁj jz 5% i’m % 52‘]
Ami Ami
i Al Ali Alj
le i’l

(4.5)

Note that in particular this implies that U, is an open neighborhood in
X of the point

Remark 4.2. In order to simplify the notations, here and from now on we
omit the groups G;’s and the maps m;’s; in other words from now on every
map A;; will be an embedding between uniformizing systems even if we write

only its source and target as open sets of C" and not as uniformizing systems.

Now our aim is to prove that (4.4) is an equivalence relation on R'. In

order to do this, let us state and prove the following 2 lemmas.

Lemma 4.1.1. Let us fir 4 uniformizing systems (ﬁl,Gl,m), (ﬁi,Gi,m),
(ﬁj,Gj,Wj), (ﬁk,Gk,wk) together with 4 embeddings Nig, \jk, i and lej such
that )\m(ffz) N )\jk(ﬁj) C U, is non-empty. Then there exist embeddings be-

tween uniforming systems \; and N\y; such that:
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N

k/

is commutative. Moreover, if we fix any point Tj, € )\m(ﬁl) ﬂ)\jk(ﬁj) such

that mx(Tx) € U, these embeddings can be chosen such that &y, € )\jko)\lj((71>~

Proof. (|Pr], lemma 4.4.1 with some changes) Since 7 (%)) € U, as in remark
2.7 we can assume that ' (%) € A (U;) and )\;kl(jk) € S\U([j}) (at least we
substitute the embeddings \; and S\Ij, and this does not change the result).

Now let us consider the embeddings:

Q= )‘zk' o 5\“ and ﬁ = )‘jk o 5\1]'

both defined from ((7;, G, m) to (ﬁk, Gy, 7). Using lemma 2.1.7 we get
that there exists a unique g € Gy such that go a = f.

Now a(U;)Ngoa(U;) # @ since it contains Zj, hence we can apply lemma
2.1.10, so there exists a unique h € G; such that Ay; o Ali(h) = ¢g. Now let us
define:

/\li = 5\” oh and >\lj = /N\lj.

Then we get that:

Aik @) /\li — /\zk O S\Zi @) h = )\zk O Ah(h) O 5\[2‘ = (Azk (@) ]\h(h)) @) /\zk: O S\Zi —

:goAikOS\lizgoa:ﬁ:)\jkO)\u

and 7, belongs to the image of this embedding, as required. O
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Lemma 4.1.2. Let us fix an atlasU, a pair of embeddings Ay, (171, G, m) —
(ﬁk,Gk,m) and \jy, : ((7j, G, m;) — (ﬁk, G, ) and a pair of points T; € U;,
zj € fjj such that N\ix(Z;) = \jx(Z;). Then there exists a uniformizing system
(ﬁl,Gl,m) € U, a pair of embeddings N, \i; and a point T; € U, such that

the following diagrams are commutative:

7\ 7\
x/ k/

Proof. By hypothesis A\, (Z;) = \jx(Z;), hence:

Ti(Zi) = T 0 N (T4) = T 0 \ji(T5) = m;(7)
so by definition of atlas we get that there exists an open neighborhood U
of this point, a uniformizing system ((NIZ, Gy, m) € U for it and embeddings
\; and S\lj of it into ((71, G, m;) and (ﬁj, G;,m;) respectively. Since by hypo-
thesis Azk(ﬁl) N )\jk(ﬁj) # &, we can apply the previous lemma for the point
Nik(Zi) = Aji(Z;), so we get that there exists a point Z; € U, and embeddings
i and \j; such that (4.6) holds. ]

Lemma 4.1.3. The relation (4.4) is an equivalence relation on R.

Proof. (|Pr], lemma 4.4.2) The relation is clearly reflexive and symmetric.

To prove transitivity, suppose we have:

(Akh jka Akj) ~ ()\liu i’l, Alj) ~ <)\m’L7 £m7 )‘m])

In other words, using definition 4.1, there exist uniformizing systems
(ﬁn,Gn,ﬂn), (ﬁp, Gp,mp) € U, two points Z,, € U,, T, € fjp and embeddings

Anks Anls Apis Apm making the following diagrams commute:
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~ )‘li

(4.7)
In particular, Ay (Z,) = A\p(Z,), so we can apply lemma 4.1.2 and we get

that there exists a uniformizing system ((N]q,Gq,wq), a point T, € U, and a

pair of embeddings Ay, Ay, making the following diagrams commute:

U,
Agn Agp qn
N / \
g, ~ 0,
Ak /Apz k‘ /
Ui

Now using (4.7) and (4.8) we get that:

(4.8)

Aki © A, © )\qn = Ali © Ay © /\qn = \j; © Apl © )\qp = Ami © Apm oA

qp

and

>\kj o)\nko)\qn = /\lj O)\nl O)\qn = /\lj O)\pl O/\qp = )\mj O)\pmo)\

ap>
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hence we get a commutative diagram:

ki >\k:j

mj

Um (4.9)

Now using the second part of (4.8) we have that \,,(Z,) = Z,; hence:

)\nk o )\qn<.i'q> = )\nk(i*n) = i’k (410)

In the same way, since A\, (Z,) = Z,, we have:

Apm © Agp(Zq) = Apm (Tp) = Tm- (4.11)
Hence conditions (4.10) and (4.11) together with (4.7) show that the

following diagram is commutative:

T
i Akj
ki )‘nk O)\qn
T N Tq ~ z;
ApmOA
A pmOAgp .
x
m (4.12)

Diagrams (4.9) and (4.12) together prove that (Ag;, Tr, Aij) ~ (Amis Ty Amj)s
so ~ is transitive. Hence we have proved that ~ is a relation of equiva-

lence. O]
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Definition 4.2. For any fixed atlas i/ over X, we define the set R := R/ ~.
For simplicity of notation, we will denote the class of any point (Ag;, T, Ak;)
as [Agi, T, A\ij] (instead of [(Aks, Tk, Akj)]~)-

Remark 4.3. In [MP2]| the relation ~ is defined to be the relation generated
by considering equivalent (Ag;, T, A\g;) and (A, 1, Aj;) whenever there exists

an embedding A\, such that the following diagrams are commutative:

Aki Aki Akj

(4.13)

In [LU]| this relation is assumed to be an equivalence relation, but in
general this is not true, since it is not simmetric: indeed the embedding A
used in general will not be invertible. Hence in order to define an equivalence
relation we have to pass to the relation generated by the previous definition
(as in [MP2]). In other words, two points (A, Tk, Agj) and (A, &1, Ayj) will
be equivalent with respect to this definition iff there exists a finite graph of

uniformizing systems and embeddings of this form:
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Ur
~ U, ~
% @K
U, : U;
\ - /
~ U, ~
;
(4.14)

together with a similar diagram for points. Note that we don’t have
specified the directions of vertical embeddings; in other words we can have
any finite combination of directions in the central column of the graph. It is
clear that whenever we have two composable arrows we can substitute them
with their composition, which is again an embedding and make the diagram
commute; so we can always reduce to the case where any two consecutive
arrows in the central column have opposite directions. For example, (4.7) is

a diagram of this form.

Now the equivalence relation so defined coincide with the previous: in
other words, if we call ~4 the equivalence relation defined in (4.4) and ~p

the equivalence relation generated by (4.13), we get that:
Proposition 4.1.4. The relations ~4 and ~pg coincide on R.

Proof. Let (Agi, Tk, Akj) ~a (N, T, A\ij), i.e. let us suppose that there ex-
ists (ﬁm, Gm,Tm) €U, T, € U,, and embeddings Ak, A\ Which make the
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following diagrams commute:

Uk Ty
Aki Akj Aki Akj
Ak Amk
U, N U, mn U, Y Tm N T
>\ml >\ml
)\li )\lj )\li )‘lj
U, z

Hence if we call:

Ami = Aki © Ak = A © Ay and >\mj = )\kj O Ak = )\lj © A,

we get that the following two diagrams are commutative:

Al Al AL Al

hence we have proved that (A, T, A\ij) ~5 (M, T, Aij)-

Conversely, let us suppose we have fixed two points which are equivalent

via ~p i.e. we have a commutative diagram of the form (4.14); this means
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that we have a finite number of diagrams of the form (4.13). Since we have
already proved that ~4 is an equivalence relation, if we want to prove that
these two points are also equivalent with respect to ~4, it suffices to prove
that this is true whenever we have a diagram of the form (4.13). Now such

a diagram can be interpreted as:

x
Ali Ali =1
ﬁi m i’l 5% i’l
s Ak o s Alk o
ﬁk j;k
hence we have proved that (A, T, Agj) ~a (N, Ti, Aij)- O]

Remark 4.4. Having proved this result, from now on we will use without dis-
tinction the first and the second equivalence and we will refer to the equiva-

lence classes in the same way, i.e. we will use always the notation [Ag;, Zx, Agjl-

In the following pages we will often have to define set maps from R = ]:2/ ~
using representatives of equivalences classes; since any two representative can
be joined by a finite graph as in (4.14), in order to prove that these set maps
are well defined, it will be sufficient to prove that they are well defined using
a graph of the form (4.13) or of the form (4.5).

Our aim is first of all to make the pair (R, U) into a groupoid object in
(Sets), so for the moment we don’t care about the topology on R and we
consider it just as a set. Four of the five structural morphisms of a groupoid

object are easy to define:

S . R — U 8([)\ki7'i‘k7Akj}) = ()\m(.fk), Uz);
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t: R — U t([Aki)jka /\k]]) = ()\kj<1~:k)7 Uj);

i:R— R i([Aei, Th, Aj]) = [Akjy They Akals

e:U— R G(JNZZ‘,UZ‘) = [1(7i75;i’ 1(1]'

Note that s, t and ¢ are well defined, i.e. they don’t depend on the choice

of a representative for [Ay;, T, A;]. Indeed, let us consider a diagram of the

form (4.13): then we have:

s( B, M) = (@), U3) = i (e (@), ;) =
= (i), Us) = (e, T, M)
Analogous equations prove that also ¢ and 7 are well defined.
Now we want to define the “multiplication” on R, so let us consider any
pair of “composable arrows” [Ain, Z;, Aij| and [Agj, Tx, Agr| in the fiber product

R: x5 R in (Sets) (note that this fiber product always exists in (Sets)

because of example 1.10). In other words, let us assume that:

t([/\iha i‘i, )\Z]]) = S([)\kja i’k, )\kl]) 1e /\Z](jz) = /\k](ZZ’k),

equivalently, we are in the following situation:

T Nj(@) = M (@) T,
Mm m m
~ Ain ~ Aij ~ Akj ~ Akt ~

Since \i;(Z;) = A\g;j(Tx), we can apply lemma 4.1.2, so we get that there
exists a uniformizing system (fjf, Gy, mf), a point Ty € ﬁf and embeddings

Afi, Ari such that the following diagrams commute:
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V \“ /\%
U\ / k/

So whenever we have a diagram of the form (4.15), we can “complete” it

to a diagram of the form:

:zlz )\’Lj (j;z) - )\k](jk) *%k
m m m
~ Ain ~ Aij ~ Akj ~ Akt ~
Uy, U; U; Uk Uy
Ai r~ Ak
Uy
W
T

(4.16)
Now the idea is just to substitute the central horizontal part of it with

the lower one, in order to have composable embeddings, and then define:

m([Niny Ty Nigls [Mrjs Ths Awa]) = [Nin © Agi, Ty Apt © Aga]-
Lemma 4.1.5. The map m s well defined.

Proof. In order prove the statement, we have to solve 2 problems:

(i) first of all, let us fix representatives (\in, T;, Aij) and (Agj, Tx, Agr) for the
2 points we have to “multiply”. Our previous description of the multi-
plication map requires to choose a uniformizing system (ﬁf, Gy, m¢), a
point Zy € (7f and embeddings As;, As, making (4.16) commute. How-

ever, this construction uses lemma 4.1.2, which gives only the existence
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of such data, but not the uniqueness; indeed it uses property (ii) of

orbifold atlases, which guarantees only the existence of the uniformi-

zing system and of the 2 embeddings. So we have to verify that our

construction does not depend on this choice.

(ii) we have to prove that the class [Aip 0 Api, T ¢, Ay © Apg] does not depend

on the representatives chosen for [Ny, Z;, A;;j| and for [Ag;, Tr, A

Let us solve these problems separately.

(i) Let us suppose we can “complete” a diagram (4.15) in two different

Akl

ways:
~ Aih
Uy,
Ai r
Uy
w
Ty

U

(4.17)

Now we have that A,;(Z,) = A\y;(Zy), so we can apply again lemma 4.1.2

and we get that there exist a uniformizing system ((78, G5, Ts), a point

Ty € [73 and a pair of embeddings Asf, As, which make the following

diagrams commutate:
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U, Ty
/\5/ \/\sf /\7 \)\sf
ﬁr N ﬁf .i'r % il?f
Ak‘ %1 AM\\ %z
Us i (4.18)

Now using (4.17) and (4.18) together we get that:
Aj © Ak © Asp = Aij 0 Api 0 Agp =

- )\ij o )\ri o )\sr - >\kj o >\rk o /\sr

and we recall that Az, is an embedding, hence in particular it is injective,

so we have that:

)‘fk: ©) /\sf = >\1‘k o /\S’r (419)

Now if we combine together diagram (4.18) and equation (4.19), we get

commutative diagrams:

U, 7
)‘ihOAri AklO)‘rk >\iho>\7‘i )\klo>\rk
Asr Asr
U, ~ U, ~ U~ Th=Mi(Ti) &g Ty i= A T).
)‘Sf >‘sf
AinOAfs Ak1OA sk XinOAf; PYRTINIE
if Zy

(4.20)

This means that:
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(Nin © Afis Tp, Apr © M) ~ (Nin © Ay Ty Akt © Api)
hence (i) is solved.

Let us suppose we have chosen another representative (A, T, As;) for
[Aihs Ti, Aij|. Using remark 4.4 it suffices to consider the case when the
two representative are equivalent via a diagram of the form (4.13); in

other words, we can assume there exists an embedding A, such that:

Ash = Ain 0 Agi, )\sj = )\ij oA and Asi(fs) = ;.

Now if we want to compute m([Xin, T, Aij|, [Akjs Thy Aia]) using this new
representative for the first point, we have to use lemma 4.1.2 in order to
choose a uniformizing system ([Z, G,, ) together with a point z, € U,

and a pair of embeddings A4, \,x such that:

)\sj © )\rs = /\kj © /\Tk )\T’s(jr) = T and Ark(ir) = Ij.

Note that there are no problems in choosing all these data, since we
have already proved (i). In other words, we are using commutative

diagrams of the form:

)\sh >\'rk
m
~ Aih Akj ~ Akl ~
Uh Uk Ui
m
Agi Atk
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Afi Afk

where for simplicity we have used the following notations:

jh = )\sh(f3> = )\ih O )\Sz<fs) .i’l = Akl(jk> and j?j = )\”(i’z)

So we get a diagram of the form:

Arii=Asi0Ars

with \.i(Z,) = Ap(Zy), so we can repeat the came construction of (i)

in order to get a diagram of the form (4.20), so we obtain:
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(Ain © Apis Ty At © Arie) ~ (Nin © A gy Ty Akt © Agie)-

Now by definition of \,; we have A;;, 0 Ai = \in 0 Agi © Ars = Agp © A,

hence:

(Ash © Avs, Ty Akt © Apie) ~ (Nin © Agiy Ty, At 0 Agge)

so the multiplication does not depend on the representative chosen for
[Xins Ti, Aij]. In the same way one can also prove that the multiplication

doesn’t depend on the representative chosen for the point [Agj, Zx, A
]

Until now we have proved that the 5 set maps s,t,m,i,e are all well

defined. Moreover, we have that:

Proposition 4.1.6. (R =3 U) is a groupoid object in (Sets).

Proof. We have to prove that all the axioms for a groupoid object given in

definition 3.1 are satisfied:

e For any point (92’1,[71) € U, we have so e(i’i,ﬁi) = s(lg, % 15] =

(Z;,U;), hence eos = 1y; in the same way we prove also that eot = 1y.

e Let us take any pair of composable arrows: <[)\ih, Tiy Nij)s [ Mgy T )\kl]>
in R; X, R. Then using the notations of the previous construction, we

get:

s o m([Ain, Tiy Nijl, [ Mgy Toes Akt]) = s([Nin 0 Apis Tpy A 0 Apg]) =
= (Ain 0 Api(@4), Un) = (@), Un) = s([Nins T, Aig]) =
= 50 pr1([Nins Tiy Nijl, [Mjs Ty Akt])-

In an analogous way we can also prove that t o m =t o prs.
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e Now let us choose any triple of composable arrows:

({)\ihm ji? /\l]]7 [Akja j/ﬁ )\kl]a [/\mlu i‘m7 Amn]) S Rt Xs Rt Xs R

i.e. )\Zj(i'z) = )\kj<i‘k) and )\kl(.i'k) = )\ml(i)m)

In order to multiply the first two, we consider a uniformizing system
(ﬁf,Gf,']Tf)7 a point Ty € ﬁf and embeddings A, Ay, while in order
to compose the second and the third arrow, we consider a uniformizing

system ((73, Gs,Ts), a point Ty € U, and embeddings A\, Ay, such that:

T; T T

m
m M m

~ Aih ~ /\ij ~ )‘kj ~ Akt ~ Aml ~ Amn ~
U, h U i Uj U k Ul Um Un

% %

)\fi )\fk /\sk )\sm

U, U,

W W

Xy js

is commutative and )\fz(li'f) = :i'i, /\fk(i’f) = i’k = /\sk;(js> and Asm(is) =
ZTm- In particular, using the second relation we can apply again lemma
4.1.2 in order to get a uniformizing system ([Z, G,,m,.), a point Z, € U,

and embeddings A, f, A,s such that:
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i’z Tk T
m m m
~ >\zh ~ Al] ~ AIW ~ >\kl ~ >\m.l ~ )\mn ~
Uh Uz U] Uk Ul Um Un
% Y%
A Afk Ask Asm
~ N ~
Uy U,
X2 S
l’f Tg
Ar s Ars
U,
W
T,

(4.21)

is commutative (and the obvious relations between marked points hold).

Now:
m({)\ih, ji? /\l]]7 m([)\k_]7 ika Akl]? [)\mb j:ma Amn})) -
=m0 ins B Asls [k © A © Mg, By A © A © A ) =
= [)\zh o )\fz o )\rfa -%7“7 >\mn o )\sm o )\rs]
where:

— in order to compute the first multiplication we have used the com-
mutativity of the square and of the triangle on the right (this can

be done without any problem because of (i) of lemma 4.1.5);

— in order to compute the last multiplication, we have chosen the
pair of embeddings 15 and A,fo\p; from (ﬁr, G, m) to (ﬁr, G, m)
and ([71, G, m;) respectively.

Since diagram (4.21) is symmetric, we obtain the same result if we
first compute the multiplication of the first two arrows, and then we

multiply them with the third. In other words, we have proved that:
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mo(lem):mo(mle).

e with a direct check one can also prove axioms (iv) and (v) of groupoid

objects.

Until now we have defined the 5 set maps and we have proved the axioms
of groupoid objects in (Sets); our next purpose is to prove the following

result:

Proposition 4.1.7. We can give to R a suitable topology such that it becomes

a complex manifold.

Differently from the proof due to Dorette Pronk (|Pr|, §4.4.2), in order to
prove this result I prefer to give an explicit description of a complex manifold
atlas on R; this will be also useful later on, in order to prove some properties

about the maps s and ¢. In order to do that, we will use the following lemma:

Lemma 4.1.8. The equivalence relation ~ is the trivial one whenever we

restrict to any open set of R of the form (7,1]

Proof. Let us suppose we have fixed two points in U ,ij which are equivalent

via ~Al

(Akiy .i'k, Ak]) ~A ()\klv i‘;;? Akj)a

then there exist a uniformizing system (ﬁm, G, Tm), & point &, € U,
and embeddings Ak, A, both defined from (ﬁm,Gm,ﬂ'm) to (fjk,Gk,ﬂ'k)

such that the following two diagrams commute:
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U, Ty
Aki Akj Aki Ak
Amk Amk
U, n U, m U i Ti % Tm m Z;
X ok X ok
)\k;i " >\kj >\ki m )‘kj
=~ o~
Uk Ly,

In particular, Ag; o Ay = A 0 AL, and A, is injective, so A\ = AL ..

Hence Ty = A\ (Tm) = N . (Zm) = T}, so we have proved that:

(Nkis Ty Akj) = (Ais Ty, Akj)-

Proof. (of proposition 4.1.7) Let us consider any open set of R of the form:

A= (7,?

and let us denote with A% the saturated of A in R with respect to ~.
We claim that also A®** is open in R. Indeed, let us consider any point in
A% ie. a point which is equivalent to a point of (7,1] By definition of ~,
this must be necessarily of the form (A, ;, Aj;), moreover, there must exists
a uniformizing system ((7m,Gm,7rm), a point T,, and embeddings A,.x, A

making the following two diagrams commute:
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Uy, Ty
Aki - Akj Aki - Akj
g 2~ U, ~ U &~ E,
Ami Ami
i Aij Al Aty
ﬁl -i'l

Now let us consider the set U, := )\ml<[7m) C [7;, which is open (because
Ami is an embedding between open sets of C™) and which contains the point
7;. If we fix any other point 7/, in ﬁm we get a diagram similar to the second
one. If we call 7] the corresponding image in ﬁl, we get that every point
of U, is equivalent to some point in A. So we have proved that the set of
points of the form (\;;, Z, \j;) (with Z; in U,) is completely contained in A%,
Moreover, this set is open in ﬁlij, so it is open also in R. Hence for every
point (N, 1, Niy) in A% we have found an open neighborhood of it completely
contained in A%, so this set is open in R.

Hence the set ¢(A%") is open in R by definition of quotient topology;
moreover, by definition of saturated, it coincides with ¢(A). Since this holds

for every choice of A = 17,? we get that the family:

{7 = o) = a0 g

is an open covering of R. Then our aim is to construct from it a complex
manifold atlas on R. If we use the previous lemma, we get that ~ is the
trivial equivalence relation on every set U ,ij , SO q(ﬁ,ﬁj ) is homeomorphic to
[7,? via ¢ (which is invertible if we restrict to this set). Moreover, we recall
that by construction [7,1] is just a copy of ﬁk, so the set map qﬁzj defined from
W, to Uy, as:
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O (M Tir Arg]) = T

is an homeomorphism (with codomain an open subset of C"). So it makes

sense to consider the family of charts:

F =AW, 0 )} g
Since the domains of these charts cover all R, it remains only to prove
the compatibility condition on the intersection of any pair of charts; so let
us fix any pair of domains W,zj and ﬁ//;/j/ with non-empty intersection and

let us fix any point:

P = [Akia'%ka )\k‘]] = [Ali’ai’la Alj’]

in the intersection. By definition of ~, we get that necessarily i = ¢ and
j' = j; moreover, there exist a uniformizing system (ﬁm,Gm,Tfm), a point
%, € U, and a pair of embeddings Ak, Ay as in (4.5). Now the images of

the point P via the coordinate functions gzﬁff and gzbf are respectively:

O (Niis Ty Mj]) = T = Ak () and o7 (Mg, T, Nig]) = Bt = Aot (Fm)-

So if we call ¢ the transition map:

Po(6) ™ oR (WY NWP) — o (W n Y,

we get that:

(k) = Tt = At (Tm) = At 0 A1 (Tg)-

As before, using diagram (4.5) we get that this is the expression of ¢ not
only in the point Zj, but also in an open neighborhood of it (not necessarily

coinciding with all the domain of ¢). Hence we have proved that in an open

neighborhood of z; the transition map ¢ coincides with A,,; o /\T_n}c, which is
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holomorphic.

Hence ¢ is locally holomorphic, so it is holomorphic on all its domain.
Moreover, the previous construction still holds if we swap the roles of W,;J

and ﬁ//;j , hence also the transition map

V=gl o (@) o (W N W) — o (W) n W)
is holomorphic; moreover, one can easily see that this is the inverse of ¢,
hence ¢ is a biholomorphic map. So the compatibility condition is satisfied
and the family F is a complex manifold for R; using the fact that ~ locally

is trivial, we get that this manifold has the same complex dimension of R
(i.e. the dimension of the orbifold atlas Uf). O

Lemma 4.1.9. The maps s and t are both étale.

Proof. Let us prove the statement only for s, for ¢ it is analogous; since
the property of being étale is a local one, we can check it by restricting to
the domains of suitable charts in source and target. So let us fix any point
[Akis T, Ag;] in R and the chart (W,ﬁﬂ ;j) around it. We recall that

S([Mkis Thy Aij)) = Aki( @) € U, CU

where (71 means a copy of [71 in the manifold U; so a chart around this

point is just (U;,id). Hence the map s can be expressed in coordinates as:

§:=idoso(¢)!: Uy — U,
and a direct check proves that this map concides with the holomorphic

embedding Ag;. So s is a biholomorphism if restricted to W,ﬁ” in domain and

to Akl(ﬁk) in codomain. Hence we have proved that s is étale. O
Lemma 4.1.10. The relative diagonal (s,t): R — U x U is proper.

Proof. (adapted from [Pr|, proposition 4.4.8 and corollary 4.4.9) By defini-
tion of product topology, a basis for the topology on U x U is given by the
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sets of the form U; x ﬁj (for any pair of indexes 4,5 € I). So let us fix
any point (&;,#;) € U; x Uy; if m(#;) # m;(%;), then we can use the fact
that X is Hausdorff (by definition of orbifold) and we get that there exists
two open disjoint neighborhoods D; and D; of m;(Z;) and m;(Z;). If we call
D; = 7 1(D;) and 13]- = 7Tj_1(Dj)7 we get that D; X l~)j is an open neighbor-

hood of (Z;, ;) and its preimage via (s, ) is empty.

Now let us consider the case when 7;(Z;) = m;(Z;); in this case we can use
property (ii) of orbifold atlases and remark 2.7 in order to find a uniformizing
system (ﬁk,Gk,ﬂ'k) € U, a point Ty, € U, and embeddings Ag;, Ai; such that

)\kz(jk> = i’z and )\k](jk) = f?j. Hence:

Akis T, Aj] € (s,8) (&4, F5).

Now let us fix any positive radius r such that the open ball A of radius
r and centered in Ty is completely contained in (~Jk (which is an open set of
C™). Then we can apply lemma 2.5.1 to Z and A and we get in particular an
open neighborhood B of T contained in A and stable under the action of the
stabilizer group (Gj)z,. Then let us consider the open sets ﬁ//l = )\kl(é) C
[7}, Wz = )\kj(é) C [73- and the set Wj X Wj, which is an open neighborhood

of (Z;,Z;) in U x U. Now let us fix any point:

i, 3, ] € (s,8) 7 (Wi x W),
so there exists a point (9;,9;) € W x Wj such that \;(7;) = ¢; and
Nij(§1) = ¥i. Moreover, by definition of W; and Wj we have that there
exists a pair of points gy, 7, in B such that Mei(Tk) = Ui and A\ (9;) = ;-
Hence 7 (9x) = mk(7}), so by definition of uniformizing system there exists

an element g € Gy, such that gx(gx) = 7,. Hence we get that:

[Aki, Tk Akj © gk) € (Sat)_l{@iafgj)}'
The question is: are there any other points in the preimage of (g]l-,ﬂj) 7

How many? In order to solve this problem, let us suppose that there ex-
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ists another point [Ny, g, Ai;] in (s,t)"*{(9:,9;)}. In particular, we get that
m(71) = mk(Jk), so we can apply property (ii) of orbifold atlas for U and
remark 2.7, and we get that there exists (ﬁm, Gm,Tm) € U, a point g, € ﬁm
and embeddings A\, Ay such that Mg (9) = 9 and Ay (Gm) = U1

Now let us consider the pair of embeddings:

=M 0O A and [ := A0 A\

both defined from (ﬁm, Gy Tm) to ((72, G, m;). If we use lemma 2.1.7 we
get that there exists a unique g; € G; such that g; o a = . Moreover, we get
that a(9m) = B(Um), hence g; belongs to the stabilizer in G; at g;, which is
isomorphic via Ag; o A,x to the stabilizer in G,, at ¢,,,. Then using lemma
2.1.10, we get that there exists a unique element g,, € G,, such that, if we

call S\mk ‘= Amk © gm, We get that:

5\mz(ym) =g, and Ao 5\mk = i © Apyy-

Now let us consider the pair of embeddings:

v = >\kj O gy © ]\mk’ and 0 := )\lj o /\ml;

using again lemma 2.1.7 we get that there exists a unique g; € G; such
that g; oy = 4 and, as before, this element belongs to the stabilizer of G; at
y;. So we get that:

G50 Akj © g © My = Ny 0 A and g5 0 A 0 gu(Gix) = 95(55) = 7.
Hence using all the previous data we get that:

[Niis Uiy Mijl = [ ki, Uks 95 © Aij © G-

hence we have proved that:
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(5:) 7 (@i 53) S {[[wis G 95 © M © 9il Y gy, - (4.22)

Hence every set of the previuos form is finite (because G} is so). Moreover,
since (4.22) holds for every point (g;, ;) in Wi XWj with non-empty preimage,

we have proved that:

(S t) ( C H )‘k:ugjo/\lwogk)

9;€G;

T7Aki>gjONE ;O
R0979%kI%9k are the

where ¢ : R — R is the quotient map and the sets U,
connected components of R which are simply copies of Uk and indexed over
the pair of embeddings A;; and g; o Ag; o gr. Actually, using the previuos

construction we get that:

)‘kmg OAk;OGk
() (I x W) € [ aBroe)
9;€G;
where the sets BA'“’QJOA’”OQ’“ are just copies of B in the sets U’\“’g]o’\kJog’“
Let us remark that the sets B/\’“’gjo’\k]ng are with compact closure in R since
they are limited (actually B C A, which was an open ball with finite radius).

Hence also their images via ¢ have compact closure in R.

Now let us fix any compact set K in U x U: we want to prove that
(s,t)71(K) is a compact set in R. Using the first part of the proof, for every
point in K with empty preimage in R we define as before the open set lN)z X lN)j
such that (s,t)"'(AD; x D;) = @. If we do so for every point in K with
empty preimage, we construct an open set D such that (s, t)_l(ﬁ) =@ and
K ~ D contains only points with nonempty preimage. Now K ~ D is closed
in K, hence again compact, so there is no loss of generality in assuming that
every point (Z;, Z;) in K has nonempty preimage. Hence for every such point
we can define the corresponding open neighborhood /V[Z X Wj (depending on
(%;,2;)) in U x U. Using the fact that K is compact, we can extract from

this open covering a finite covering:
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{W; x W; }ie[,je]

for finite sets of indexes I and J.Hence:

(st [T sowoxwyc [T T aBo )
ieljeJ i€l jeJ g;eq,
so (s,t)71(K) is contained in a finite union of sets with compact closure, so
it is contained in a compact set of R. Moreover, we have already proved that
both s and ¢ are holomorphic, hence continuous, so also (s,t) is continuous;
since K is closed (because it is compact), we get that also (s,t)"'(K) is
closed. Since it is contained in a compact set and it is also closed we get that
(s,t)71(K) is compact. O

Proposition 4.1.11. R =2 U is an object of (Grp).

Proof. Since we have already proved that R t:; U is a groupoid object in
(Sets), we have only to prove the additional properties about the five struc-
ture maps. In particular, we recall that by definition of (Grp) we require
that:

(i) the five structure maps are holomorphic, i.e. morphisms in (Manifolds);
(ii) the map (s,t) is proper;
(iii) both s and ¢ are étale.

In the previous lemmas we have already proved the last two requests;
moreover since s and t are étale, in particular they are holomorphic. Hence

it remains only to check (i) for the maps m, i, e.

e In order to prove that m : R; x, R — U is holomorphic, it suffices
to use the explicit description of the charts on the fiber product given
in proposition 3.5.2 (where m = n, so the first terms don’t appear),

to restrict enough the domains of the charts and to observe that a
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commutative diagram of the form (4.16) holds not only on the pair of
points fixed on that construction, but also in an open neighborhood of
them in both the first and the second variable (before passing to the

quotient via q).

Let us prove now that ¢ : R — R is holomorphic; for every point
[Aki, Tk, Akj] € R let us choose the chart (W,ﬁj, ZJ) around it and the
chart (W,ﬂl, ¢7") around its image [Arj, Tx, Ars] via the map i. Then in

coordinates this map is just
o oio (@) = id
which is clearly holomorphic.

Using an analogous argument, one can also prove that e : U — R is

holomorphic.

4.2 Morphisms

Now let us pass to morphisms: our aim is to associate to every compatible

system (i.e. a morphism in (Pre-Orb)) a morphism in (Grp).

Definition 4.3. Let U and V be orbifold atlases for X and Y respectively, let

f X — Y be a continuous map between the underlying topological spaces

and let f :U — V be a compatible system for f.

Let R =2 U be the groupoid object associated to ¢ and let R’ t:/; U’ be

obtained in the same way from the atlas V. We recall that U is the topolo-

gical space obtained as the disjoint union of the open sets [71 of the atlas U

and in the same way, U’ = H(% H,.650ev Vi
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Moreover, having a compatible system f : U — V gives us local holo-
morphic liftings fﬁi,f/i if f(fji,Gi,m) = (‘Z,Gi,@). From now on, for every
point z; € U; we will always denote with y; its image in V; via the function
f U, Vi - (71 - ‘7;

Now we define v : U — U’ to be the set map such that:

Vg, = fop: UimVicU.

In other words, for every point (Z;, lN]Z) € U we have ¥(Z;, 171) = (Ui, \N/Z)
The map v is clearly an holomorphic map between complex manifolds be-
cause it is so locally, since the liftings of f are all holomorphic by definition
of compatible system.

Let us define also a set map V : R — R’ as follows: let us fix any point

[Aki, Tks k) € R and a representative (A, Tx, A;) of it; then we set:

([ Ak, T, /\kj]) = [f:()\m% fﬁk,f/k(v%k% f~()\kj)] = [f()‘ki)vgkv f()\ky)]

Let us verify that such a map is well defined, i.e. it does not depend
on the representative chosen. Let (A, Tk, A\g;) be equivalent to (i, T, Aj)
as in (4.13). Then, using the fact that f is a functor by definition 2.8 of

compatible system, we get that the following diagram in V is commutative:

v i
B Fy) Fs) _
Fuk) f
Vk ~ V} Yi . Yk . J-
F(Oks) F(Oks) F(ks)

Hence (f(Aki), Uk, f(Axj)) is equivalent to (f(Au), @i, f(Aij)) in the sense
of (4.13). So using remark 4.4 we have proved that the map ¥ is compatible

with the relations that generate the equivalence classes of R and R/, i.e. it
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is a well defined map.

Until now we have defined a pair of set maps U LU and RS R. Our

aim is to prove that:

Proposition 4.2.1. These two maps give rise to a morphism (¥, V) of
groupoid objects in (Sets) from R =2 U to R’ —7? U'.

Proof. We have to verify that all the axioms of definition 3.2 are satisfied.
Since both U and R are manifolds, in order to check these properties it suf-

fices to work set theoretically.

o Let us take any point [Ag;, T, A\;] € R and let [f()\kz), Uk f(AkJ)} be its
image under V. Using (2.17) we get:

fﬁi,ffi 0 Mi(@1) = f(Awi) 0 fﬁkﬁk (Tr),

SO:

s 0 ([ A, T, Aig]) = 8 ([F ) Ty FO)]) = (F ) (@), Vi) =
= (fﬁf/ 0 Aki(T), ‘71) = V(A (T), [7@) = 1 0 ([ Akis Th, Aij])-

Hence we have proved that s’oW = ¢ os. In a similar way we get that
oW =1ot.

e Moreover, for every (z;,U;) € U we get:

¢ o (i, Us) = € (fg. 7,(2:), Vi) = (U, fir 5 (), 1] =
= [f(g), fo,5. @), F(1g)] = O[5, &, 15]) = ¥ o e(is, U),

ie. dotp=Voe.
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Remark 4.5. Note that in = we have used the fact that f preserves
identities. In all the definitions of compatible system I found in lite-
rature there is no mention of this request, i.e. everybody only requires
that f is “functorial” in the sense that it preserves compositions. In or-
der to make this construction work, I had necessarily to add this extra

condition in chapter 1 on the definition of compatible systems.

e Now we want to verify that the pair (¢, ¥) is compatible also with mul-
tiplication. Consider any point ([Ain, Zi, Aijl, [Akjs Try Akt]) € Rt X5 R.
We recall that in order to compute m on this point we have considered

a diagram of this form:

z; i (%) = A (Tn) Ty,
m m m
~ Ain ~ Aij ~ Akj ~ Akt ~
Un Ui Uj Uk U
~
Afi Afk
Uy
w
Ty

If we apply to it the functor f, we get a diagram in the atlas V as

follows:
Ui FOD@) = FOu) @)
_ m - m . m _
~ F(Xin) ~ F(Xiz) ~ F(Aks) ~ FOw) ~
Vi Vi V; Vi V.
~
F(gi) Fosr)
Vi
w
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Note that the fact that we have obtained exactly the same relations be-
tween the marked points follows from the properties of the compatible
system f Hence, using lemma 4.1.5, we can use the last two diagrams

in order to compute m and m’:

m' o (U x U)([Ain, Ti, Mg, [Ajs Tiey Ai]) =

= m/([f (Nin), Gis fFONig)], [f Akg) e f(ra)]) =

= [fn)of (Ara), Gr, FOw)of (Ape)] = [F(NinoAsa), f7, 7, (21), F(MoAsw)] =

= W([Nin o Api, Tr, A © Ag]) = W o m([Nin, Ty Nijl, [ Mgy Ty Akt])-

This holds for every point of R, X, R, hence we have proved that
m' o (¥ x ¥)=Vom.

e The last property of definition 3.2 is easy to prove working set theore-

tically.

Hence we have proved that (¢, ¥) : (R 2 U) — (R’ ;t? U') is a morphisms

t

between groupoid objects in (Sets). O

Proposition 4.2.2. The pair (¢, V) is a morphism of groupoid objects also
in (Grp).

Proof. In the previous section we have already proved that its source and
target are both groupoid objects in (Grp), so we have only to verify that
(1, ) is a morphism in (Grp). Using the definition of this 2-category and
the previous proposition, this just means that we have to prove that both
¢ and ¥ are morphisms in the category (Manifolds), i.e. that they are

holomorphic functions.

Moreover, in definition 4.3 we have already proved that v is holomor-
phic, so it remains only to prove that also ¥ is so; in order to do this, it

suffices to prove that W locally coincides with a holomorphic function. We
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recall that in proposition 4.1.7 we described a manifold atlas for R where the
charts are of the form (W;J , f), analogously, we can use similar charts of the

form (Z,ij, ,ﬁf) on R/, where the domain is just equal to q’(v,jj). Then if we
write ¥ in coordinates with respect to the charts (W,ﬁj, 7Y and (Z,ij, 17, we
get that U coincides with the holomorphic function fﬁk 7.+ S0 locally W co-

incides with some holomorphic function, so it is holomorphic on the whole R.

Having proved the previous proposition and the fact that both ¢ and ¥
are holomorphic says that (1, ¥) is a morphism between groupoid objects in
the category (Manifolds). Moreover, we have that (¢, ¥) is also a morfism in
(Grp) by definition of this 2-category, since we get (Grp) from the category
of groupoids objects over (Manifolds) just by restricting the class of objects,

and without adding any extra condition on morphisms or 2-morphisms. []

4.3 2-morphisms

Now let us fix two atlases U and V for X and Y respectively, a continuous
function f : X — Y, two compatible systems fi, f> : U — V for f and a

natural transformation ¢ : f; = f» as in definition 2.10.

Let us call R ;; U and R’ ?, U’ the groupoid objects associated to the
atlases U and V respectively; moreover, let us denote with (¢, ¥) and (¢, @)
the morphisms of groupoid objects (R =% U) — (R’ ?/ U') associated to fi
and fo respectively by definition 4.3

Our aim now is to associate to J a natural transformation « in the 2-
category (Grp) from (¢, V) to (¢, ®). Hence we have to define a morphism
a : U — R’ which satisfies definition 3.4, and this can be done using the

following proposition:

Definition-Proposition 4.4. The set map:
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a:U= H U — R

(U;,Gi,mi)eU
Oz(:i’i, Ui) = [1‘71_1, (fl)(ji,f/il(:i'i)’ 5171-]

is a natural transformation from (¢, ¥) to (¢, ®) in (Grp).

Proof. First of all, we claim that « is holomorphic: indeed for every point
(5:1,[71) € U let us choose (Z C U as open neighborhood of it and let us

restrict « to this set. In this case « has target in the open set:

As=q (V)00
As in proposition 4.1.7, this set is biholomorphic to ‘7;-1. By composing
with these biholomorphism, we get that « (restricted to U, CU ) coincides
with the holomorphic map ( fl)ﬁi,\wﬂ' So we have found charts in domain and
codomain where « is holomorphiclaround the fixed point (z;, a—); since this
holds for every point of U, we have proved that this set map is holomorphic

on the whole U. In other words we have proved that « is a morphism in
(Manifolds).

So in order to prove that « is a natural transformation in (Grp) it suffices
to verify the axioms of definition 3.4; since R,U, R',U’" are all manifolds, it

suffices to work set theoretically.

(i) Given any point (Z;, U;) € U, we get that:

soa(@ U) = o (I1ga (R (80:05) ) = (P, @), V') = (@ 0)

(ii) and:

t'oa(is, Ui) = (95,00, (80, V2) = ((R)g, 72 (@), V) = 6(3:, Ui).
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(iii) Let us fix any [Ag;, Tk, \gj] € R. For simplicity, let us call Z; := A\ (T) €
U, and T = A (Tg) € fjj. Moreover, as in chapter 2, in this part we

adopt the following notation: for every embedding A, in U we set:

o= fm(A) form=1,2;

so Aj; will be an embedding from \7,{” to I7lm in the atlas V. Moreover,

for every point z;, € ﬁh we define:

gzn = (fm>l~]h,\7}:”(§:h) € ‘7hm form=1,2.
So we get the following facts:

& O 5([/\k:ia :i'k’a )\k]]) = a(fia Uz) = [1\71_17:%17 5@]

and O ([Aii, T, Aij]) = [Mis i Abj)-

Now using these identities we want to compute:

m’ o (a0 s, ®) (N s Mgl) = ' ([1pa, 510 1, B 52,0 ).

In this case we can use this diagram:

_ vl ~ U; ~ A2 ~ kj ~
1 1 1 1 2 ki 2 J 2

Vi Vi Vi Vi Vi

m

Aii Og,

171

Vk

W
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where the central part of the diagram is commutative using (2.18).

Hence we get that:

m’ o (a0 s, ®)([Aui, i, Mes]) = [Mpas G Ay © 055, |- (4.23)
On the other hand, we get that:
a o t([Ai, Tk, Aig]) = a(i;, U)) = [1\7].1731},5173.]
and W ([Api, Tp, Akj]) = [Mhas T Aky)-

Hence in order to compute:

m' o (\I’, @ o t)([/\kza Ty, )\k]]) = m/<[>\l£;7,7g]};7 /\ll;j]a [1\771717]17 6[77]>

we can use this diagram:

i 7 7
1 m bY; m Ly m 95
‘A/,;l )\kl ‘7]{31 k] ‘/7]1 VJ ‘771 UJ "‘/;2
1‘7k1 v /\kj

‘N/kl
W
Uk

Hence we get:

m’ o (U, a0 t)([Mi, Ty Mg) = [Niss s 9, © Aiyl- (4.24)

Using again (2.18) we get that 05 o Ap; = Af; o dg;,, hence (4.23) and
(4.24) are equal. Since this holds for every point [\, Tg, Ag;] of R, we
get that the third axiom of definition 3.4 is satisfied.
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So we have proved that o : (¢, ¥) = (¢, P) is an holomorphic map
and it satisfies the axioms for a natural transformation between morphisms
of groupoid objects over (Manifolds); so it is a natural transformation in

(Grp) by definition of this 2-category. O

4.4 The 2-functor F

Until now we have described:

(a) how to associate to every orbifold atlas U a groupoid object R ;i U,
which is an object in (Grp);

(b) how to associate to every compatible system f a morphism (¢, ¥) of

groupoid objects, which is in particular a morphism in (Grp);

(c) how to associate to every natural transformation § between compatible

systems a natural tranformation « in (Grp).

Proposition 4.4.1. Whenever we fix a pair of objects U,V in (Pre-Orb)
with associated groupoid objects R i& R and R %{ U’ respectively, we get a

functor:

F = Fyy : (Pre-Orb)(U,V) — (Grp) ((R = U), (R 5 U’)>
defined by (b) on the level of objects and by (c) on the level of morphisms.

Proof. We recall that in chapter 2 and 3 we have already proved that (Pre-
Orb) and (Grp) are both 2-categories, hence the source and the target of
Fy v are both categories by definition 1.9. So we have only to verify that F

preserves compositions and identities.

First of all, let us take any pair of composable morphisms (with respect

to ®) in the first category, i.e. two natural transformations ¢ : fl = fg
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and o : f, = fs. Let us call (¢, V), (¢, ®) and (,0) the morphisms of
groupoid objects associated to f; for i = 1,2,3 and a : (¢, ) = (¢, D),
B: (¢, ®) = (0,0) the natural transformations in (Grp) associated to § and

o respectively using the previous constructions.

Moreover, let us call y := o0 ® 9 : fl = fg and let us denote with ~

the natural transformation associated to it in (Grp). Then for every point

(%;,U;) € U we have:

F(o) @ FO)(#:,Ui) = B © a(i, Uy) = m' o (o, 5)(&, U)) =
=m'([Lgr, ()57 (&), 05.), L2, () 2 (&) 03))
= [, (A, 50 (80), 05, © 0] = (&3, Ui) = F(o © 6)(3:,Uy);

note that in the passage denoted with = we used the commutative dia-

ES

gram:

Hence we have proved that for every pair (9, o) of composable morphisms
in (Pre-Orb)(U, V), we have that F(0) ® F(0) = F(oc ® ), i.e. F preserves

compositions.

Moreover, we recall that in §2.4 for every compatible system f from U to
V we have defined i to be a natural transformation from f to itself such that

for every uniformizing system (U;, Gy, m;) € U we have (if)g, = 1y, Let us
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call (1, ¥) the morphisms associated to f and o the natural transformation

in (Grp) associated to if; then for every point (Z;,U;) € U we have:

a7, Us) = [1\27 52.7\71(551')7 1\2] = ' (¥(7;, Uy)).
Hence a = ¢’ o) = Woe = iy y); so F preserves also the identities of
(Pre-Orb)( U, V). O

Theorem 4.4.2. The previous data define a 2-functor F from (Pre-Orb)
to (Grp).

Proof. 1t suffices to verify axioms (a),(b) and (c) of remark 1.5.

(a) Let us fix any pair of compatible systems f:U—=>Vandg:V— W.

Then for simplicity, let us call:

So we want to prove that:

0=¢o1p and O =PoWU. (4.25)
Note that using remark 3.2, it suffices to prove only the second equality.

Indeed, if this is proved, we get that:

0=5"0Boe=(s"0d)o(Voe)=
:gbos'oe’oq/z:gbol[]/odjngod},

Now in order to prove the second equality of (4.25) it suffices to work set

theoretically; so let us fix any point [\, i, Ai;] € R. Then we have:

© 0 U([Api, Frs Mig]) = S(LF (i), o, 5 (Fn), FOg)]) =
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&), G0 f(Ay)] = [R(Owi), by, i (), (k)]

= [gof(Mni), g%,Wkofﬁk,%(

so (4.25) is proved.

(b) Let us fix a diagram of compatible systems and natural transformations

in (Pre-Orb) of the form:

For simplicity, let us use the notations of (a) on the level of objects and

let us call:

F(g;) =: (¢s,®;) fori=1,2,

and F(nxd):=~:U — R".

F(fi) = (¢i, ),

F0)=a:U—R F(n):=0:U —R"

By definition of % in (Pre-Orb), for every uniformizing system (U;, Gy, ;)
in U we have:

(7 * 5)@ i=1T)r2 © ?]1(5@) : Will _ ﬁ/’lzz

where we use the notations of chapter 2, section 3. So for every point

(%;,U;) € U we have:
(%, U;) = [, (gro fl)ﬁi,wiu(fz‘)’nga o g1(0g,)] (4.26)

On the other hand,
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(F(U) * F(5)> (%, U;) = (8 * ) (&, Ui) = m”<<1>1 o a(i;, Us), 3 0 o(, ﬁﬂ) =
= (@1 (g (R0 (@, 05)) 8 () (@), V2) ) =

=" ([t @) © (P (@0, 065,)]

*

[1Wf“ (gl)f/f,Wfl © (ﬁ)ﬁu‘w/f (i»’ 77‘712] >
5@-)} (4.27)

l [1%}1, (gl)%aw}l o <f1)(7i7‘77;1 (i’i),nf/f o gl(

where in = we used the following commutative diagram:

(gl)vl Wit © (fl)Ul \711(5;%) q :
1‘7‘71_11 ,\T a1 5~) ,\T 15721 /iﬁ 2 N
V[/le I/VZ»H Wi21 VVZ-21 I/Vi22
Y
k 571 <5ﬁ7>
wi
K3
W

(LC~]1)‘7¢1”V[7i11 o (fl)ﬁiﬂzl (ZZ‘Z)

with ¢ := (91)p2 o © (fz)ﬁi@Q(@)
By comparing (4.26) with (4.27), we get that:
F(n) * F(6) = F(nx*9).
(¢) Let us fix any orbifold & with associated groupoid object R ;; U and
let us call (¢, V) := F(1). Then we have:
’QZ) = ]-U and V¥ = 1R

hence F(1y) = 1pw). Morever, F(iy) =e: U — R, i.e. F(iy) = ipw)-
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Hence we have completely proved that F' is a 2-functor from (Pre-Orb)
to (Grp). O



“Questo ve ’ho detto tre volte,

e percio é vero.”

Lewis Carroll
“The Hunting of the Snark”

Chapter 5

Unsolved problems

5.1 Morita equivalences

Definition 5.1. (|[M],§2.4) A homomorphism :

(0. 0): (R U) — (R 3 U)
between Lie groupoids is called a Morita equivalence if the following 2

conditions hold:

(i) let us consider the fiber product:

™2

R Xy U

1 OJ Y

R U’

since R’ ? U’ is a Lie groupoid, we get that the map s’ is a submersion,
so we can apply proposition 3.5.2 and we get that the fiber product has
a natural structure of manifold and that also m, is a submersion. Then

we require that the set map:

195
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tom : R xuyp U—=U'

15 a surjective submersion. 'This request makes sense because both

source and target of this map are complex manifolds;

(ii) we require also that the square:

R R

(s,t) (s',t")

UxU U x U’

(¥x¢) (51)
is cartesian in (Manifolds). Note that the square is always commuta-

tive because of the first and the second diagram of definition 3.2.

Definition 5.2. Two groupoid objects R; =% U; (for i = 1,2) in (Manifolds)
are said to be Morita equivalent (or weak equivalent) if there exists a third
groupoid object Rj3 %& U; and two Morita equivalences:
S1 (qu,) s3 5 59
(Rl %; Ul) — (Rg %; Ug) — (R2 %; UQ)
This is actually an equivalence relation, see for example [MM], chapter 5

for the proof.

Remark 5.1. (i) Let us fix any point «’ € U’; the first condition of Morita
equivalence requires in particular that tom; is surjective; so there exists

a (not necessarily unique) point (7', u) € R’ xy U such that:

t(r'y =tom(r,u) =1 (5.2)

Since (r',u) € R' Xy U, we have that:
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In other words, for every point v’ € U’ there exists a point v € U and
a point 7 € R’ such that (5.2) and (5.3) hold. Now we recall that
in lemma 3.1.2 we showed that to every groupoid R ? U we can as-
sociate a category & where the objects are the points of U and the
morphisms are the points of R (and so are all isomorphisms in this
category). Moreover, in lemma 3.2.1 we described how to associate to
every morphism (¢, ¥) from a groupoid object to another a functor v
between the corresponding categories, given on the level of objects by
¢ and on the level of morphisms by W. Then (5.2) and (5.3) (together
with the fact that ' is invertible if considered as a morphism in %)

implies that the funtor U is essentially surjective.

Note that we don’t have used at all the fact that ¢t o 7; is a submersion

so this condition is not equivalent to (i).

(ii) Let us fix any pair of points u,v € U; as in lemma 3.1.2 let us define
the sets:

H(u,v) :={r € Rs.t. s(r)=u,t(r) =v}
and  Z'(Y(u),v(v)) :={r" € R s.t. s'(r') =(u),t' (") =¥ (v)}
and let us consider the diagram:

2 (), b (v)) \

R

R
(u,v)

(s,8) O (')

UxU

U xU'.
(Y xp) (5'4)

where i is just the inclusion map and (u,v) is the constant map that to
every point of R'(1(u), ¥ (v)) associates the point (u,v) € U x U. It is
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easy to see that the external diagram is commutative; moreover request
(ii) says that the internal square is cartesian, so using the UP of fiber
products in (Manifolds) we get that there exists a unique holomorphic

map vy such that:

i=Vovy and (u,v)=(s,t)on. (5.5)

Now let us fix any point ' € R’ such that s'(r") = 1(u) and t/'(r’) = ¢ (v)
(i.e. a point of Z'(¢(u),®(v)) and let us call r := ~(r'). Then, using
(5.5), we get that s(r) = w and t(r) = v, i.e. r € Z(u,v). So we can

consider «y as a set map:

v R ($(u), ¥ (v) = Z(u,v).

Moreover, using these notations and the first part of (5.5) we get that
r" = Woy(r') = W(r). Since this holds for every point " € Z’' (1 (u), ¥ (v))

and for every pair of points u,v € U, we get that:
H (V(u),)(v) = V(Z(u,v)) Yu,velU
i.e. the functor U defined in (i) is full .
Now let us fix any r € Z(u,v) and let v’ := VU(r) and 7 := y(r'). We

want to prove that r = 7; indeed by definition of fiber product in (Sets)
we get that 7 is the unique point in % (u,v) such that:

(s,6)(F) = (u,v) and W(F)=7r"=Y(r).

Since also r has this property, by uniqueness we get that r = 7, i.e.
v(W(r)) = r; since this holds for every point in %Z(u,v), we get that
the functor W is faithful. Using also the previuos part, we get that U is
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fully faithful.

So we have proved the following result:

Proposition 5.1.1. Whenever the morphism (1, V) is a Morita equivalence,
we get that the functor U associated to it by lemma 3.2.1 is essentially sur-

jective and fully faithfull, i.e. it is an equivalence of categories.

However, the converse may not be true.

Now let us fix any orbifold atlas U = {(ﬁiaGi77i>}z’eI on a topological
space X and let us denote with ¢4’ = {([71-/, Gir,my) }ier the maximal atlas
associated to U as in definition 2.17. Then by definition we have that U/ is a
subcategory of U’, so we can consider a compatible system id : U — U’ over

the identity of X as follows:

e as a functor, it is just the inclusion on the level of objects and mor-

phisms (i.e: uniformizing systems and embeddings);

e for every uniformizing system (ﬁz, G;,m;) € U we set iNda_ g, = lg,.

2

It is easy to see that all the axioms of definition 2.8 are satisfied; as an
useful notation, we will write an index as 7 if it belongs to the set I (and so
also to I' if we consider U as a subcategory of U’) and with " if it belongs to

I’ and we don’t know whether (ﬁi/, Gy, mir) belongs to U or not.

Definition 5.3. In the following pages we will use the following objects and
morphisms obtained by applying the 2-functor F' described in the previous
chapter:

o R :ti U is the groupoid object associated to the orbifold atlas U;

’
E]

o R = U’ is the groupoid object associated to the orbifold atlas U’;

e (V) : (R =U) — (R ;:; U’) is the morphism between groupoid

t

objects associated to the compatible system id.
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Our aim is to prove the following result:
Proposition 5.1.2. The morphism (1, V) is a Morita equivalence.

Proof. We have to verify the axioms of the previous definition, so let us first
focus our attention on the map t o m; defined on the fiber product (which is

a manifold, as already stated in the definition of Morita equivalence):

™2

R Xy U

U

1 U P

R/

- U

Set-theoretically (and up to bijections), we have that:

R xp U={(r",u) € R xUs.t. §(r') =)} =
- {<[/\k’i',iku Ayl (i, 172-)> st (i (), Un) = (3, ﬁi)} -
— {([)\k’i;fk’a)‘k’j’]v (@»ﬁ)) 8.8 Awi(Ty) = il}

Now for every point ([)\k,i, Trr, M), (T, Ul)> in this set we get that:

t (@] 7T1 <[)\k”i7 jw, Ak?lj’]? (,’:i‘“ ﬁl)) = t([Ak/“ ,’:1’:‘]€/7 Ak"j’]) == )\k}’j’<i’k")' (56)

Our first aim is to prove axiom (i) of definition 5.1; in particular, let us

first prove that ¢ o my is surjective, so let us fix any point (Z;,U;) € U’ and

let us prove that it is in the image of this map.

Let us consider the point 7;(Z;) € X; by hypothesis ¢ is an orbifold
atlas for X, so there exists a uniformizing system (ﬁi,Gi,m) in U for an
open neighborhood of this point in X. Now U’ contains both (U;, G, 7;) and
((7]-:, G/, ), so by axiom (ii) of orbifold atlases (and remark 2.7) there exists

a uniformizing system (ﬁk/, G, m) in U, a point Ty in ﬁk/ and embeddings:
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~ ;. o~ )"j’ ~
(UiaGiaﬂ-i) i\k—l (UkHGk’)ﬂ-k’) k—> (Ujlij’77Tj/)

such that Ay (Z)) = Z;5. Then if we call Z; := A\p;(Z)) we get that the

point:

<[)\k’i> Tpry A5 (T4, ﬁ»)

belongs to the fiber product R' Xy U. Moreover, t o m; applied to this
point is exactly the point (Z;, fjj/) we have fixed. Hence we have proved that

t oy is surjective.

Now let us prove also that this map is a submersion; since this is a local
property, it suffices to check it when we work in coordinates. So let us fix any
point as in (5.6); we use the explicit construction of the charts on the fiber
product of manifolds described in proposition 3.5.2 adapted to our specific
case in order to get a chart around our fixed point. We will not verify any
condition about the good definitions of our sets an set maps since they are

exactly the same of the above mentioned proposition.

We define A to be the analogous of the set A, . described in the proof of
proposition 3.5.2; in our case A will be an open neighborhood of the point we
have fixed in the fiber product and on it the coordinate function will be a map
¢ : A — ¢(A) with ¢(A) open subset of C" (with r = dim(R') + dim(U) —
dim(U’) = dim(U)). A direct check proves that on every point g; € ¢(A) the

inverse of the coordinate map will have the following expression:

67 () = (Dwis Neh (). Ay ), (3, 00)).

Now the image of our fixed point via t o my is just (Mg (Tx/), ﬁj/); if we
recall that U’ is the disjoint union of open sets of C", we get that we can

choose a chart around this point in U’ given by (ﬁj/, 15.).
J
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Hence if we write down ¢ o 7 in coordinates with respect to the charts

we fixed, we get the map:

h:= 1ﬁjoto7rlo¢*1;

for every point g; € ¢(C') we get that:

() = tom (s Ak (), Moy (5, T0) ) =

= t(P\k% Nes (3), AW]) = Ay © A (7)-

Since both Aj;» and Ay; are biholomorphic maps (if restricted in target),
we get that ¢ o in coordinates locally coincides with a biholomorphic map,

hence it is clearly a submersion.

Hence condition (i) is proved. Now let us pass to condition (ii). We
already said in the definition of Morita equivalence that the square (5.1) is a
commutative diagram in (Manifolds), so it remains only to check the UP
of fiber products. So let us consider any other complex manifold 7" together

with a pair of holomorphic maps a : T'— U x U and b : T — R’ such that:

(W x ) oa = (s,1') o by (5.7)

then we want to prove that there exists a unique holomorphic map vy :

T — R which makes the following diagram commute:
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In order to define the map ~, let us work set-theoretically so let us fix a

point ¢t € T" and let us use the following notations:

a(t) = ((m 0), (3, @)) and  b(t) =: i, B, Awr].

Let us recall that ¢ is just the inclusion map of U in U’, so using (5.7)
we get that:

((i’z‘v U, (&, ﬁj)) = (Y, ¢)oa(t) = (s,t") o b(t) =

= (,8) (P Al ) = (@), i), O (@), Ty )

hence:

i/ = i, j, = j, ZINTZ = Ak’z(i‘k/) and Zi’j = /\k’j(i‘k/)'

Now we notice that:

mi(Z3) = mi(Awi(Ta)) = T (Twr) = 75 (A (Tar)) = 75(5);
so if we apply property (ii) of orbifold atlases for U and remark 2.7 we

get that there exists a uniformizing system (ﬁl, Gy, m) € U, a point T; € (7;

and embeddings between uniformizing systems:

(T, Giom) & (T, Grom) 22 (T, Gyomy)

such that \;(Z;) = Z; and \;(Z;) = Z;.

Now we recall that U C U’, so we can consider the pair of uniformizing
systems ((7k/, Gy, ) and ((71, Gy, m) in the atlas U': since 7y (Tg) = m (),
we can apply again condition (ii) of orbifold atlases in order to prove that
there exists a uniformizing system (ﬁm/,Gm/,Wm/) e U, a point T, € Uy

and a pair of embeddings \,/x, A\p such that:

)\m’k’ (fm/> = i’k/ and )\m’l(fém’) = fi’l.

Now let us consider the pair of embeddings:
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o= )\li o /\m’l and ¢ := )\k’i o) )\m’k’
both defined from (fjm/,Gm/,ﬂ'm/) to (ﬁi,Gi,m). Using lemma 2.1.7 we
get that there exists a unique g € G; such that g o p = J; so if we call
5\“ = g o \;; we get that:
S\Zi O At = ki © A (5~8)

Moreover, by construction we know that:

Al © ATt ) = T = Mri © Ay (T

hence g must belong to the stabilizer of z; in G, so

Ni(%) = . (5.9)

In the same way we can replace )\;; with an embedding :\lj such that

S‘Zj o )\m’l = /\k’j o )\m’k’ and 5\lj<~fl) = (Z’j (510)

Using together (5.8), (5.9) and (5.10) we get that the following 2 diagrams

are commutative:

Uk/ Tt
Akt At A j Auli - Al
U, ~ U, ~ U L ~ Ty ~ Zj;
- At - _ Ali g
Aui Ay Ali Nij
(7[ jl

so we have proved that:
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i, %, Mij] = [Nwis B, A

if we consider both them as points of R’ (clearly this relation is meaning-
less if we work in R). But the first of these two points can also be considered

as a point of R, so we would like to define:

’Y(t> = [S\Ii;féi; le]%

indeed in this way it is easy to prove that:

(s,t)oy(t) =a(t) and Wory(t)=0b(t).

However we have to solve the following problem: in the previous con-
struction we have found a point (S\Zi,ii,jxlj) of R which was equivalent in
R’ to b(t), but the previous construction does not ensure uniqueness of such
a point. If we find another point of R which is equivalent to b(t) in R/,
what is its relationship in R with the previos one? In other words, the class

(N, i, Nij| s unique?

So let us suppose we have chosen any pair of points (\;,;, A;j) and
(Ani, Tny Anj) in (R) € R’ both equivalent to b(t) in R. Then we can
apply the lemma that follows this proof in order to prove that:

(Aliaj’hAlj) ~ (An’ﬁ'{i‘n’/\nj> n R.

(We apply the lemma to the orbifold atlas U’, where we have the equiva-
lence between the two points. In the central part we just put any uniformi-
zing system together with a pair of embeddings as in property (ii) of orbifold
atlases applied to U, since both the top and the bottom part of the diagram

are not only in U’ but also in U.)

Hence the set map v : T — R is well defined. Note that since we require

that W o~y = b we get easily that this map is also unique. So we have proved



206 5.1 Morita equivalences

that the diagram of axiom (ii) is cartesian in (Sets). Moreover, R is a com-
plex manifold and both (s,t) and ¥ are holomorphic maps. So in order to
prove that this diagram is cartesian also in (Manifolds) it suffices to prove

that whenever the maps a and b are holomorphic, then also v is so.

So let us fix as before a point t € T; until now we have proved that
there exists a unique point [Ny, Z;, \jj] in R such that b(t) = [Ny, T, Ay =
U ([N, T, Aij]). In particular, b(t) belongs to the open set B := q’(ﬁ;j) CR
and we have proved in the previous chapter that we can define a chart (B, ;ij )
on the manifold R’ where the map gbf‘j is an homeomorphism from B to
U, C C", given by:

& (Naas T Ng]) == G0

Let us call B := b~1(A); this set is open since b is continuos, so eventually
by restricting to a smaller set we can assume that there exists a chart on the
manifold T of the form (B,¢) where ¢ is an homeomorphism from B to an
open set §(§) C C™. Since by hypothesis b is an holomorphic map between

complex manifolds, we get that the composite:

obott €(B) — U

is holomorphic. But we recall that (t) has values in ¢(U}”), also home-
omorphic to U, via the map qﬁfj , which has the same fomrmal expression of
qbfj , so the previous one is also the local expression in coordinates of the map

v; 8o 7y is holomorphic.

Hence also property (ii) of definition 5.1 is satisfied, so the morphism

(¢, V) is a Morita equivalence. m

Lemma 5.1.3. Let us fix an atlas V, and let us suppose we have two equiva-
lent points (Api, Tr, Akj) and (N, Ty, Aij) with respect to this atlas (i.e: we can

find a commutative pair of diagrams of the form 4.4 where also the central
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part belongs to V. Moreover, let us suppose we have a uniformizing system
([7”, Gp,mn) €V such that 7Tn<[7n) contains m(Zy) and a pair of embeddings
S\nk,j\nl. Then there exists a point T, € (7” and embeddings A, Ay which

make the following diagrams commute:

Uk Ty
Aki Akj Aki Akj
)‘nk )‘nk
U, N U, mn U, N Ty, N T
)‘nl )‘nl
Ali Al Ali Al
Ul z

In other words, whenever we have a pair of commutative diagrams of
the form (4.4), then any other diagram of the same form (but with different
“center”) which is not commutative can be modified only in the vertical arrows

m order to be commutative.

Proof. By hypothesis, (A, Zg, Aij) ~ (Mg, Z1, Aij), so there exists a unifor-
mizing system (ﬁm, G, Tm) in V, a point Z,, € U,, and embeddings \.x, At
making diagram (4.4) commutative. In particular, we have that m,,(z,,) =

Te(Amk (Em)) = m4(Z) and by hypothesis () € 7, (Uy).-

So by definition of orbifold atlas applied to V, there exist an open neigh-
borhood U, C U,, N U, of this point, a uniformizing system (fjp, Gp,mp) €V
for it and embeddings A, Ap,. Moreover we can use remark 2.7, so with-
out loss of generality we can assume that there exists z, € ﬁp such that

Apm(Zp) = T. Now let us consider the pair of embeddings:

o= :\nk oN and  Bi= Auro A,
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both defined from (ﬁp, Gp,mp) to (ﬁk, Gy, Ty); then using lemma 2.1.7 we
get that there exists a unique g € Gy such that goa = 3. So if we define
Ak 1= go;\mLC we have that \,; 0\, = Ak 0 \p,. Moreover, by construction,
Tk = Ak (Tn) = Ak © Mg (T, 80 if we define z,, := A, (Z,) € U,,, we have
that:

Ak (Tn) = T

In the same way, we can define the embedding A,; such that A,,; 0 A =

Ani © Apn; now using these results and diagram (4.4) we get commutative

diagrams:
~ >\nk ~ ~ )\nk
Un Uk T Tk
)‘k] )‘kﬂ
Apn N Amk Apn Y Amk
~ Apm ~ ~ _ Apm B _
Up U, ~ U; Ty ——— Iy ~ z;
)\pn N Ami )\pn N Ami
)‘lj AZ]
[7 [7 Ty --------- > I
n )‘nl L )‘nl

(5.11)

Note that we have dashed the last arrow because a priori we don’t know

whether \,;(Z,) is equal to Z; or not. Using the diagram on the left, we get
that:

)\kj o )\nkz o >\pn = )\lj o >\nl o >\pn

S0 Akj © Api and Ay o Ay, coincide on A, (U,), which is open in U,, because
Apn 1s an embedding between open sets of the same complex dimension.
Since we are working with holomorphic functions on connected domains, we

get that:
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)\kj e} )\nk = )\lj o )\nl‘ (512)

Hence:

i (T1) = Tj = A (Tn) = Akj © A (Tn) = Aij © A (T)

and \;; is an embedding, hence it is injective, so we have that \,;(Z,) = Z;,

so the previous diagram is commutative in the dashed part.

Using a pair of diagrams similar to the previous ones, we can also prove

that:

/\ki O )\nk = )\li (¢] /\nl- (513)

Now equations (5.12) and (5.13) together with diagram (5.11) prove the

statement, so we are done. O

Proposition 5.1.4. Suppose we have fized two equivalent orbifold atlases
Uy and Us on a topological space X and let us call R; ;; Ui (fori=1,2)

the groupoid objects associated to them by the 2-functor F' described in the

previous chapter. Then these two groupoid objects are Morita equivalent.

Proof. Tt suffices to consider the unique maximal atlas U’ associated to both

them and to apply the previous proposition twice. O

Hence I think that if the 2-category (Orb) can be constructed, then
the 2-functor F induced on this new 2-category has codomain in the 2-
category where the objects are classes of Morita equivalent groupoid objects
in (Manifolds) with étale source and target and proper relative diagonal.
This last 2-category is not too hard to describe explicitly (see [M] and [Pr|)
also on the level of morphisms and 2-morphisms, so the only problem to solve

is to define what are the morphisms and the 2-morphisms in (Orb).
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Clearly the morphisms will have to be equivalence classes of compati-
ble systems between equivalence classes of orbifold atlases and will have to
correspond to equivalence classes of morphisms between equivalence classes
of Morita equivalent groupoid objects, but until now I have not found any
more explicit description of them, so also the next step (the definition of

2-morphisms) remains undone.

The main problem about morphisms arises when we try to compare 2 com-
patible systems (over the same continuous map between topological spaces)
with different (but equivalent) orbifold atlases as source or target. The naif
idea is just to induce in a “canonical” way another pair of compatible sys-
tems between the corresponding maximal atlases in source and target, and
then compare them as functors and collection of holomorphic liftings. The

problem is that I have no idea of how this can be made.

5.2 [Essential surjectivity

The aim of this work was to prove that differential geometers and alge-
braic geometers actually mean the same thing when they talk about “orbi-
folds”. The fact that we managed to describe the 2-functor F' allows us to
be quite confident that this is the case. However, also if we suppose that the
problems described in the previous section can be solved, there is another
thing to take into account: the fact that a 2-functor between 2-categories .o/
and A exists does not allow us to think that &7 and £ are different descrip-
tions of the same geometric objects. So we would like to prove, for example,
that the 2-functor F' (or at least £, that we have not defined completely), is
essentially surjective on the level of objects and an equivalence of categories
on the level of morphisms and 2-morphisms (i.e: whenever we fix any pair of
objects and we consider the functor as datum (2) of definition 1.12). In this

thesis these questions weren’t explored for reasons of space and time.
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